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Abstract

SPECIFICATION DIAGNOSTICS IN THE PRESENCE OF MULTIPLE
MISSPECIFICATIONS FOR PARAMETRIC DURATION MODELS

Sanjiv Jaggia

Parametric models have been used widely in the analysis of
duration data. The term duration data is used in the
context of the duration of time until the occurrence of some
event of interest. Such models have often been used in
econometrics to explain why different people spend varying
lengths of time in the state of unemployment. Also of
interest has been the question of whether the probability of
finding a job changes with the length of time a person is
unemployed. Duration models are generally estimated using
maximum likelihood methods. However, such estimates may be
inconsistent in the presence of model misspecification.
Consequently, it is desirable to have diagnostic tests that
examine the validity of the distributional assumptions made

in the parametric duration models.

This thesis is aimed primarily at identifying various
sources of misspecification and developing tests for model
evaluation. It is emphasised that the conventional approach
of testing each parametric restriction in isolation is

inconclusive when multiple misspecifications exist

vi



concurrently. Incorrect inferences may be drawn in such
situations, especially when separate tests are correlated.
The need to compute an omnibus statistic is stressed and
some joint tests of this form are developed. Such a
statistic tests all the relevant assumptions made within a
given model jointly and hence has power against several
forms of misspecification. Furthermore, modified separate
tests are developed that can provide the additional
information needed to pin-point the exact error, once the
joint null hypothesis is rejected. Finally, some
adjustments to standard tests, that are valid in the
presence of censored data as well, are suggested in this
thesis. An empirical application and extensive Monte Carlo
evidence are provided as illustration for all the above

mentioned tests.
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CHAPTER 1

INTRODUCTION

Parametric models have been used widely in the analysis of
duration data. The term duration data is used in the
context of the duration of time until the occurrence of an
event. An example of the above is the duration of time
spent by an individual in the state of unemployment.
However, distortions in the econometric results of such
analyses that may be caused by an incorrectly parametrised
model have led to a shift of emphasis from the estimation
and interpretation of econometric results to the evaluation
of such distortions and model testing. The main focus of
many studies in econometrics has been the reasons for and
the consequences of neglected (unobserved) heterogeneity in
the data.' Due to the inherently non-linear nature of
duration models, parameter estimates may be highly biased if
such heterogeneity is ignored. As a result, most of the

diagnostic tests proposed have been tests of heterogeneity.?

In a different vein, Manton, Stallard and Vaupel (1986) show

' see, for example, Salant (1977), Lancaster (1979, 1983,
1985), Lancaster and Nickell (1980), Elbers and Ridder (1982},
Heckman and Singer (1982, 1984a, 1984Db).

2 see Lancaster (1983,1985), Lancaster and Chesher (1985a,
1985b), Kiefer (1984, 1985, 1988), Burdett et al. (1985),
Jensen (1987) and Sharma (1989).
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that model estimates may be very sensitive to the choice of
hazard function.® As a result, selecting an inappropriate
parametric hazard function may be another significant source
of specification error and may lead to biased estimates.
Therefore, for a thorough model evaluation, one should test
for the functional form specification of the hazard function

along with any test of heterogeneity.

The following thesis is aimed primarily at identifying
various sources of misspecification and testing for them in
the context of duration models. Different specification
diagnostics for parametric duration models are mctivated and
developed. The tests include tests of heterogeneity and
functional form specification. It is emphasised that the
conventional approach of testing each parametric restriction
in iseclation is inconclusive when multiple misspecifications
exist concurrently. Incorrect inferences may be drawn in
such situations, especially when separate tests are
correlated. The need to compute an omnibus statistic is
stressed and some joint tests of this form are developed.
Such a statistic tests all the relevant assumptions made
within a given model jointly and hence has power against
several forms of misspecification. Furthermore, modified

separate tests are developed that can provide the additional

3 see, also, Ridder and Verbaekel (1983) and Trussell and
Richards (1985).



information needed to pin-point the exact error, once the
joint null hypothesis is rejected. Finally, some
adjustments to standard tests, that are valid in the
presence of censored data as well, are suggested in this
thesis. An empirical application and extensive Monte Carlo
evidence are provided as illustration for all the above

mentioned tests.

In what follows, a summary of each chapter of the thesis is
provided. Chapter 2 contains a brief review of some of the

characteristic features of duration models and techniques

for the parametric estimation of such models. The Weibull
model is used for exposition. The causes and consequences
of the problem of heterocgeneity are considered. Some of the

tests for neglected heterogeneity proposed in the literature
are analysed. These tests include the informal graphical
methods and the more formal tests that are based on
parametric alternatives. It is shown that all the
parametric tests examined basically amount to testing the

same moment restriction of the generalised error.

A formal diagnostic statistic that is frequently used in
testing is based on the integrated hazard function which is
a generalised error in the sense of Cox and Snell (1968).
Since the generalised error, so defined, has a unit

exponential distribution when the model is correctly



specified, testing its second moment restriction has formed
the basis for model evaluation. Such a test has been
interpreted as a score test for heterogeneity for a small
variance of the heterogeneity term (Lancaster (1985), Kiefer
(1984), Burdett et al (1985)). Chesher (1984) has shown
that this test is the same as White's Information Matrix
test with respect to the intercept, since neglected

heterogeneity causes random variations in the intercept

term.

In Chapter 3, it is pointed out that for the above-mentioned
test to be a valid heterogeneity test, the hazard rate
function has to be correctly specified. More generally, the
use of a joint (simultaneocus) test of all moment
restrictions of the so defined generalised error is
preferable to that of a test of the second moment only.

Such a test will be a general misspecification test rather
than a test of heterogeneity per se. It is also noted that
there is no unique way of defining a generalised error. Any
non-linear function of the integrated hazard function can be
interpreted as a generalised error in the sense of Cox and
Snell. For example, if ¢ is defined as the integrated
hazard, then €, = log(¢) has a standard extreme value
distribution with well defined moments. Similarly, one can
define an infinite number of generalised errors that may be

used for the diagnostic testing of the model. However,



testing moment restrictions of all such errors will be
especially meaningful only if an interpretation can be
provided for a particular moment restriction, given that all

the other restrictions are satisfied by the data.

Some of the easily understood moment restrictions of
generalised errors are considered in this chapter. Some
general specification tests are developed along with the
heterogeneity test. Score tests of the functional form
specification are developed within a fairly flexible
generalised gamma distribution. All tests of
misspecification are given the tests of conditional moment
restriction interpretation. Using the Tauchen (1985) and
Newey framework (1985}, conditional moment restriction tests
are expounded in a general setup. The moment restriction
testing framework is used to develop diagnostics for the
exponential and Weibull specifications. Kennan's (1985)
strike data is used as an empirical illustration. It is
inferred that the application of joint tests rather than
separate tests is necessary in evaluating the specification
of parametric models. It is shown that erroneous
conclusions may be reached if separate tests are
implemented, as in a number of previous analyses of Kennan's

strike data.

A known probklem in testing for more than one source of



misspecification jointly is that the procedure is
incomplete, as the rejection of a joint test is not
sufficient to identify the exact source of misspecification.
Some information from the separate tests of misspecification
is necessary. As the standard separate tests are of little
use when such tests are correlated, adjusted score tests,
that may provide the additional information needed to pin-

point the exact error, are proposed in Chapter 4.

In conducting separate score tests on some given parametric
restrictions, one typically assumes the validity of
auxiliary restrictions on some nuisance parameters. This
method can have misleading consequences if these auxiliary
restrictions are not valid. Such restrictions translate
into the assumption that the score vector with regard to the
nuisance parameters is equal to zero. Instead of simply
making this assumption, a test is proposed that is
conditional on the realised value of the score vector with
respect to the nuisance parameter. With this technique, the
relevant score, corresponding to the parameters to be
tested, is cleansed of its correlation with the score vector

corresponding to the nuisance parameters.

The properties of the suggested adjusted test depend on the
choice of the estimate of the nuisance parameter used to

evaluate the scores. If any root-N consistent estimate of



the nuisance parameter is used, the resulting test is robust
and is the same as Neyman's C(a) test. This test is
especially useful when it is difficult to obtain maximum
likelihood estimates of the nuisance parameters. Based on
the preliminary outcome of these tests, an applied
researcher can determine if it is worthwhile to continue the
study and estimate the model with maximum likelihood methods

that ensure efficiency.

The second variant of the adjusted score test 1s relevant
when the root-N consistent estimate of the nuisance
parameter is also not available. Here, the scores at the
restricted maximum likelihood estimator are evaluated such
that the restrictions comprise both the auxiliary
restrictions as well as the ones being tested. In other
words, instead of estimating the nuisance parameter,
auxiliary restrictions are placed on it. This test is valid
only under the joint null, however, in this case, the
standard separate tests will also be valid. Nevertheless,
it has the merit of having been derived under a more general
alternative and includes the adjustment factor for
correlation between the scores, even though the adjustment
is done under the restricted joint null. Therefore, even
though both tests are based on the same joint null, the
adjusted score tests will contain more informatiocon regarding

the specific source of misspecification than the standard



separate tests.

The above two renditions of the adjusted tests are developed
to test for heterogeneity and duration dependence. The C(a)
version of the test is based on the consistent estimates
obtained from running an ordinary least square regression.
Monte Carlo analyses of these tests along with the joint and

standard separate tests are provided in this chapter.

A peculiar feature of duration models is that data on
durations are seldom complete. It is common for some
observations to be censored, typically right censored. 1In
Chapter 5, modifications of diagnostic tests when the data
consist of censored observations are considered.® The test
of heterogeneity is used as an example even though the
suggested procedures can also be applied for other

specification tests.

In order to implement a score test for heterogeneity, the
theoretical information matrix, under the null, has to be
evaluated. With censored observations, such a matrix cannot
be derived without additional assumptions regarding the
censoring mechanism. In this chapter, a distinction is made

between data that are Type-1 censored and those that are

* Horowitz and Neumann (1989), using Kennan's strike data,

show that the testing procedures may lead to erroneous
conclusions when data consist of censored observations.
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not. With Type-1l censored data, a heterogeneity test based
on the theoretical infeormation matrix is derived although it
involves evaluating some expressions numerically. A method
is suggested that uses only uncensored observations to
implement this test when data are not Type-1 censored but
are assumed to be censored randomly, invelving no length-
biased censoring. The method consists of first estimating
the parameters of the model using all observations and then
using these consistent and efficient estimates to evaluate
scores consisting only of complete observations. It is
assumed that the fact that an observation is complete has no

influence on the duration of the random variable.

Monte carlo analyses of the above tests are carried out in
this chapter. Also considered in this chapter are tests
based on the observed information matrix. Two candidates
considered for this matrix are the sample hessian of the
log-likelihood function and the outer product cf the sample
scores. It is found that the performance of the tests based
on the observed information matrix is case sensitive. The
information matrix based on the sample hessian is not always
positive definite, a phenomenon that makes the test
meaningless. Tests based on the outer product of the sample
scores are easy to implement but the nominal size of these
tests 1is different from the actual size. The number of

times that the test is rejected when the model is correctly



specified, is more than the chosen level of significance for
many of the Monte Carlo experiments conducted in the
chapter. However, with Type-1 censored data, such tests
seem to perform reasonably well. The relative performance
of a test based on Kiefer's method for approximating the

standard error of the relevant score is also examined.

Finally, Chapter 6 contains a summary of the results of this

thesis and concluding remarks.

10



CHAPTER 2

RELEVANT LITERATURE REVIEW WITH SPECIAL EMPHASIS

ON_SPECIFICATION TESTING

2.1 Introduction

Parametric models have been used widely in the analysis of
duration data. The term duration data is used in the
context of measuring the duration of time until some event
of interest. In econometrics, duration models have been
used to study labor market transitions using the data on
duration of unemployment spells of individuals. Such models
have been especially utilised to explain why different
people spend varying lengths of time in the state of
unemployment. Also of interest has been the question of
whether the probability of finding a job changes with the
length of time a person is unemployed. The modelling
process is typically initiated by specifying a family of
duration distributions, up to a finite number of parameters,

to be used for reduced form estimation of the model.
In Section 2.2, characteristic features of duration models,

including some definitions, are analysed. Throughout this

exposition, unemployment is used purely as an example to

11



describe the modelling process.1 As the major emphasis of
this thesis is on testing for parametric restrictions, some
existing testing procedures based on residuals are surveyed.
Residuals have often been used to evaluate the parametric
restrictions on a given model. However, unlike 1in linear
regression models, there is no natural choice for these
residuals in, generally non-linear, duration models. 1In
this section, generalised errors and residuals are defined

that may be used for specification testing.

Section 2.3 contains a discussion of the problem of
neglected heterogeneity caused primarily by omitted
regressors. 1t is shown that parameter estimates may be
biased if such heterogeneity is ignored. Testing procedures
for model misspecification, with emphasis on neglected
heterogeneity, are considered in Section 2.4. Informal
graphical methods are suggested that may be used to evaluate
model specification. More formal parametric tests for
neglected heterogeneity are also discussed. It 1is shown
that all such parametric tests are based on the generalised
residuals defined in Section 2.2. These tests amount to
testing for the second moment restriction of the generalised
errors and are, thus, interpreted as tests for conditional

moment restrictions.

! Kiefer (1988) provides a survey and various applications of

duration models in economics.

12



2.2 Overview

2.2.1 Definitions

In duration models, it is customary to specify the
parametric form of the model in terms of its hazard
function. This function specifies the instantaneous rate of
escape from the state of unemployment at time t, given that

the individual was unemployed up until t. The hazard

function, h(t), is defined as:
h{(t) = 1lim Pr(t < T < t+6t | T = t)
§t->0
st
= f(t) = f(t)
- e (2.2.1)
1 - F(t) S(t)

where f(t) is the probability density function and Fr/t) is
the distribution function of the random variable, T, which
denotes duration of unemployment. S(t) = 1 - F(t) is called
the survivor function. Other names for the hazard function
found in the literature are "force of mortality" and

"fajlure rate".

Since h(t) = - (d/dt) log S(t), the density and survivor

functions can be written in terms of the hazard function as:

1 - F(t) = S(T) = exp(-J h(s)ds) and: (2.2.2)

13



£(t) h(t)exp(-J h(s)ds) = h(t)exp(-fi(t)) (2.2.3)

f(t)

J h(s)ds is the integrated hazard function. (2.2.4)

Even though the functions h(t), f(t), F(t) and S(t) provide
mathematically equivalent definitions for the distribution
of T, some interesting properties of the data, such as
duration dependence, are most easily interpreted in terms of
the hazard function. Duration dependence is said to exist
when (d/dt)h(t) does not equal 0. Dependence is positive

when (d/dt)h(t) > 0 and negative when (d/dt)h(t) < 0.

The general reduced form of the hazard function used in
estimation is h(t|X) = ¢ (u(X),t), where u(X) is used in
accounting for person specific observed heterogeneity by
including a list of all the relevant variables, X. The
other component, t, 1is used to explain the dependence of the
hazard function on time, 1In the case of Cox's (1972)
Proportional Hazard Model,? the hazard rate factors into a
function of time and a function of all the relevant

covariates:
h(t]X) = up(X)e(t). (2.2.5)

Here &(t) is the base-line hazard function and u(X:;B)

2 see Kalbfleish and Prentice (1980) for a good discussion of
Proportional Hazard rate models and their estimation, using
non-parametric methods.

14



describes how the base-line hazard varies with the
covariates. A is a vector of unknown parameters. L(X) is
typically taken as exp(XB) to ensure the non-negativity of

the hazard function.

The choice of a function for ®(t) is arbitrary. For a
Weibull model, #(t) = at®'. The choice of this base-line
hazard function allows for positive (¢ > 1), negative

{({x < 1) and no duration dependence (a = 1).3 The hazard,
survivor and density functions of the Weibull distribution

conditional on the regressors are:

h(t|X) = exp(XB)at®" (2.2.6)
S(t|X) = exp(-exp(XR)t") (2.2.7)
f(t|X) = exp(XB)at®' exp(-exp(XB)t?). (2.2.8)

2.2.2 Censored Data and Parameter Estimation

A characteristic feature of duration models is that data on
durations are seldom complete. It is common for some
observations to be censored, typically right censored. An
observation is said to be right censored if the length of
the spell of unemployment that is observed is only a portion

of the actual length of the spell, provided that the

> The Weibull distribution, however, may be restrictive as it

allows only monotonically changing hazard rate. A more
general hazard function would allow for at least a 'U' or
'inverted U' shaped hazard rate.

15



observed portion includes the beginning of the spell. This
phenomenon typically occurs because of finite observation
periods. Some events of interest may not have ended when

the data acquisiticn period ends.

The data available to an econometrician are on the wvariables
t. , X, , and ¢, , i = 1...N. C is an indicator variable,

1

such that:

{: 1 if a spell is complete

0 if a spell is right censored (2.2.9)
Given the assumption of independent censoring, a right
censored spell of length t contributes a probability,
P(T>t), rather than a density to the likelihood function.
I1f observations on the pair (t,C) are independent, the log

likelihood function is generally written as:

[C,log £(t,|X; ) + (1 - ¢;)log S(t;[X; )] (2.2.10)

(i
I
™M=

Il
=

(C;log h(t.|X.) + log S(t;|X;)] (2.2.11)

and for a Weibull model is:

N
z E‘.{log(a) + (a-1)log(t,) + XB} - ti“exp(xiﬁﬂ (2.2.12)
i=1 .

16



The log-likelihood function can be maximised using standard
non-linear maximising procedures to obtain estimates of the

parameters 8 = [(a,B']"'. If the model has been correctly

specified, then under mild regularity conditions, 6 is
consistent for 8 with a probability density function that
can be approximated in the usual way by a normal
distribution with the precision matrix equal to Fisher's
(theoretical) Information Matrix. The theoretical
information matrix is derived as minus the expected value of
the second derivative (hessian) of the log likelihood
functien. However, finding this expected value may be
problematic sometimes, especially when the data consist of
censored observations. Typically, the observed (sample)

information matrix is used to find the precision matrix.

2.2.3 Generalised Residuals

Residuals have been widely used to assess the adequacy of
linear models. An examination of residuals from a fitted
model is an important way of testing the parametric
assumptions made in linear regression models.® In non-
linear models, there may not be any natural or automatic way
of defining a residual. Following Cox and Snell (1968),
residuals can be defined in a general sense that can be used

for diagnostic checks of non-linear models. These

“ see Pagan and Hall (1983) for a survey of residual based

tests in linear regression models

17



generalised residuals are obtained through a set of
transformations of the observations that results in a random
variable that has a simple and known distribution, if the

model is correctly specified.

Consider the following model:
Y. = g,(X,;,98,¢€,;) where i = 1...N.

Here the ith observaticn on a random variable Y, is written
as a function of:

a) the characteristics of the individual represented by the
observed vector X,

b) a vector of unknown parameters 68, and

c) an unobserved random variable €, where €, 's are 1i.1i.d.
If each equation Y, = g, (X,,6,¢.,) has a unique solution for
€;, such that €, = h;{(Y, , X,,8), then all the €, 's are defined

1

as the generalised errors of the model in the sense of Cox
and Snell. If 6 is replaced by its maximum likelihood
estimate, the generalised residuals are obtained as:

€, =h, (Y ,X,,8) (2.2.13)

1 1
Note that in a simple linear regression model, Y, = X,'6 + ¢,

1

where the €, 's are the errors, and

Ei =Y, - Xi'é are the residuals.
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In the context of duration models, the survivor and the

density functions are written as:

S(t|X) = exp[-A(ti{X)] and:
£(t|X) = h(t|X)exp{-a(t|X)].
Let € = Q(t}X). The Jacobian for this transformation is:
|J| = dt = 1 = 1
de da(t|x)/dt h{t]|X)

Therefore, the density of € is given by:
h{t|X)exp(-€)__1 = exp(-€) (2.2.14)
h(tIX)

which is unit exponential.

Given independent durations, the ¢,'s defined as the
integrated hazard functions are generalised errors in the

sense of Cox and Snell. For a Weibull model,
€ = exp(XB)t®. (2.2.15)

As before, parameters are replaced by their maximum
likelihood estimates to obtain generalised residuals.

Notice that the choice of a generalised error €, given by
(2.2.15), is by no means unique. Any non-linear
transformation of € is also a generalised error in the sense
of Cox and Snell. However, most of the specification

diagnostics suggested in the literature are based on €.
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2.3 Unobserved Heterogeneity

In some instances, individuals in a population have
differing hazard functions. This phenomenon is referred to
as heterogeneity. The individual specific, observed
heterogeneity can be controlled for by including a list of
covariates and conditioning the hazard function on them. A
problem arises, however, when some relevant variables are
omitted such that the included regressors do not
"sufficiently" control for the heterogeneity. Omissions of
this type may be encountered when relevant variables are un-
observable. Examples of such variables are motivation,
ability, spunk etc. Heterogeneity can also arise due to
measurement errors in either the covariates, X, or duration

> Thus, after conditioning hazard functions on the

time, t.
included regressors, they may still differ across
individuals due to some unobserved heterogeneity. This

remaining heterogeneity may be incorporated into the model

by rewriting p(X) such that:
L(X) = exp(XBR+U) = V exp(XB) (2.3.1)

where V contains the effect of omitted regressors. Then for

a Weibull model:

f(th,V) =V exp(}-(B)a:t:""1 exp(-Vexp (X8)t%) . (2.3.2)

Lancaster (1983,1985) discusses different interpretations
for unobserved heterogeneity.
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2.3.1 Consequences of Unobserved Heterogeneity

Given only cross-sectional observations on N individuals,
all the parameters «, B, V, ...V,, will,in general, not be
identifiable. A common solution is to make V a random
effect. Let the distribution of V be represented by the
density function, p(V). Then the survivor function, given X
and V is S(t|X,V) = exp(-V Q(t|X)). However, given data
only on X, one needs to model the distribution of T
conditional only on X and this is done by integrating the
survivor functicn with respect to the distribution of V.

Thus, conditional only on X,

S(t}x) j exp(~-V (t|X)) p(v)dv (2.3.3)

= E,[exp(~-V a(t|X))]. (2.3.4)

Similarly, one can derive expressions for the hazard and

density functions conditional only on X.

In the simple linear regression model, neglected
heterogeneity often leads to an inaccurate interpretation of
econometric results. This problem in linear regression
analysis becomes serious if the omitted regressors are
correlated with those which are included in the regression
equation. This, however, is not true when the underlying
model is non-linear. It is shown that results from duration

models may be misleading even when V is distributed
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independently of X and t.

In the Weibull model,
S(tiX,V) = exp(-vut®); 1 = exp(XB), and: (2.3.5)
S(tlx) = J exp (-vut®) p(v)dv. (2.3.6)

The hazard function conditional on X alone can be derived

as:

I
t

8§ log S(t|X)
st

h(t|X)

= pat®! J V exp(-Vut?) p(v)av

S(t]x)

pat®' E(v|T2t). (2.3.7)

Since E(V|T2t) is the average of V over the survivors at
time t, it must decrease with time as people with higher
values of V tend to leave the unemployed state first.® This
sorting out effect, due to the presence of heterogeneity
leads, to a downward biased estimate of duration dependence.

More formally, the average of V over time can be written as:

E(V|T2t) = j V exp(-vut®) p(v)av

S(t|X)

¢ salant (1977), Lancaster and Nickell (1980) etc. discuss

this problem of identification in duration models.
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Therefore,

8§ E(VIT2t) = - pat®' [ J Viexp (-Vut®) p(v)dv ]
st
S(tlX)

+ pat®! | J Vexp(-vut®) p(v)ydv ]°

s5(t]x)

- pat®! var(v|Tzt] < 0 (2.3.8)

Thus, neglecting heterogeneity results in an estimated

hazard rate that is falling faster or rising more slowly

than the actual hazard rate. Furthermore:
5§ E(V|T2t) = - B, ut® var{v|T>t } < 0. (2.3.9)
§X.

J

If there is no unobserved heterogeneity (V is known}, then

log h(t]X,V) = log(at®') + log(u) + log(V).
Therefore,

5§ log h{(t|X,v) = B;. (2.3.10)
5§X

i
Thus, the proportional impact of changes in X on the hazard
function is constant over time, a property of the

proportional hazard model. However, with some unobserved

heterogeneity,
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log h(t{X) = log(at®') + log p + log E(V|T2t)

and:

Il
>

§ 1log h(t]|X)

6X; E(V|T2t)

; - But® Var[V|Tzt]

I

B,[1 - ut” Var{Vv|T2t]]

. (2.3.11)
E[V]|T2t]
As a result, the proportional impact of changes in X on the
hazard function besides being diminished is also dependent
on t and is no longer is of the proportional hazard type.T
Thus, estimates derived from the model may be misleading
even when variables included in the model are not correlated
with variables that have been excluded. As a result, a
major emphasis of diagnostic testing in duration models has

been on testing for neglected heterogeneity.

Lancaster and Nickell (1980) discuss the consequences of
unobserved heterogeneity for models that are more general than
a Weibull model.
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2.4 Testing for Heterogeneity

2.4.1 Non-Parametric Graphical Analysis

The generalised residuals defined above can be used to test
the specification of a duration model. For a correctly
specified model, the residuals should behave approximately
like a random sample taken from a unit exponential
distribution. Graphical plots of the generalised residuals

are used for informal specification checks of parametric

models. As € has a unit exponential distribution under the
null, its survivor functicn, S(€) = exp(-€). Therefore,
-log s(€) = N1(e) = € and the estimated integrated hazard

function for the residuals is often compared with a 45° line

to test the specification of a given model.

If the observations are uncensored, an empirical survivor

function of the generalised residuals can be computed as:

S(€), where S(¢) = N '(Number of sample observations > )
and minus the logarithm of the survivor function is plotted
against the residuals. If the model is correctly specified,
the scatter plot should cluster around a 45° line through

8 Note that such graphical checks are general

the origin.
specification tests, not necessarily directed at testing for

neglected heterogeneity.

8 see Lawless (1982), Lancaster and Chesher (1985b), Kiefer

(1988) etc. for details.
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In Figure 2.1 and 2.2, such scatter plots are depicted. Two
computer simulated samples, each consisting of 200
uncensored observations, are generated. The first sample
consists of Weibull variates and the second consists of
variates derived from a Weibull distribution with some
neglected heterogeneity, and hence are not Weibull
variates.” The maximum likelihood estimates of the
parameters, from both sample sets, are obtained using the
Weibull model. Using (2.2.15), the generalised residuals

are obtained as:

—

€ = exp(XB)t°.

These residuals are further used to construct the above
mentioned graphs to check the adequacy of the Weibull
specification. Figures 2.1 and 2.2 represent graphs for a
correctly and incorrectly specified models respectively.
From Figure 2.1, it seems that the model is correctly
specified. The departure from the 45° line in Figure 2.2 is

obvious, indicating model misspecification.

In general, however, data consist of both complete and
censored observations and thus the residuals have to be
suitably adjusted to incorporate censored observations. 1In

the case of right censored observations, the observed

? Such a mixture distribution is generated using u=exp (XB+U)

where U is the heterogeneity term. Here, a random draw for
U is taken from a normal distribution with var(u) = 2.
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duration is t = min[T,L], implying that an observation is

complete only if it is less than the censoring time, L. If
the observation is longer, it gets censored at L. Note that
€(t) 1s no longer distributed unit exponentially. However,

as €(T) has a unit exponential distribution when the model
is correctly specified, the following can be derived using
the memory-less property of an exponentially distributed

random variable:
E(e(T)|T>L) = €(L) + E(€(T)) = 1 + €(L). (2.4.1)

Therefore, the residual can be redefined as:

e(t) = €(t) if uncensored
(2.4.2)

€(t)+1 if censored.
Even though the modified generalised errors, e(t), do not
have a unit exponential distribution, they still have a unit
mean. Thus, graphical plots using the modified generalised
residuals given by (2.4.2) can still be used to check the
adequacy of the model for a moderate amount of censoring.
The two samples, mentioned above, are again used to examine
the performance of the graphical procedures with censored
data. With both data sets, about 22 percent of the
observations are artificially censored by fixing the
censoring times, L, appropriately. Again, maximum
likelihood estimates are obtained and the survivor function
of the modified generalised residuals is used for plotting.
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Figures 2.3 and 2.4 represent graphs for correctly and
incorrectly specified models respectively. With graphical
procedures some degree of caution should be exercised in
interpreting the results, especially when data are
censored.'® From Figure 2.3, one may infer that a Weibull
model is inappropriate even though data are actually
generated from a Weibull distribution. When the model is
actually misspecified, departure from the straight line is

some what more pronounced (Figure 2.4).

Alternatively, as e€(t) is a positive function of t, one can
use e€(t) = min(e(T),e(L)) directly to plot graphs for model
evaluation. If the model is correctly specified, sample
observations on €(t) constitute a random sample drawn from a
right censored unit exponential distribution. The Kaplan-
Meier procedure can be used directly to compute the survivor
function of the generalised residuals, €(t), along with the
indicator function, C, denoting censoring. Figures 2.5 and
2.6 are used to illustrate this method of graphical study of
misspecification. As before, Figure 2.5 is based on the
Weibull model and Figure 2.6 depicts the results when the
underlying model is not Weibull. Here, graphs perform

reasocnably well. The departure from the 45° line is

" Horowitz and Neumann (1989), using Kennan's strike data,
show that graphical methods may lead to erroneocus conclusions,
when data are censored. Lancaster and Chesher (1985) examine
some graphs using computer simulated models.
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apparently greater in Figure 2.6 as compared with Figure

2.5.

2.4.2 Score Test

Generalised residuals can also be used for more formal
diagnostic checks. A score test of heterogeneity can be
constructed that tests for the zero variance of the
heterogeneity term. Score or the Lagrange Multiplier (LM)
tests have recently gained popularity in econometrics as
they are based on estimation of the null model that

' These restricted

incorporates parametric restrictions.’
models are easy to estimate, in many cases, as opposed to
the Wald or the Likelihood Ratio tests for which the

alternative model has to be estimated.

In order to implement a score test of heterogeneity, the
probability density function, f(t|X) has to be specified.

As mentioned earlier, the unconditional survivor function is
S(t|x) = E {exp(-€V)] where € is the generalised error. One
way to obtain S(t|X) is to take expectation with respect to
a specified parametric mixing distribution for V. As
economic theory provides no information regarding the choice

of any mixing distribution, an arbitrarily chosen

"' see Breusch and Pagan (1980), Engle (1982, 1984), Bera and
McKenzie (1986) and Godfrey (1988) etc. for an exposition and
the required regularity conditions.
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distribution may lead to distorted results.'?

Alternatively, one can derive a score test that does not
depend on any parametric mixing distribution. Given a
constant term in X, E(V) can be set to equal 1 without loss
of generality. Let o? represent the variance of V. For
small o?, S(tIX) can be approximated for by a second order
Taylor series expansion of exp(-€V) around the unit mean of

V as fellows:

Ev[éxp(-E) + (V. - 1)[_d exp(-Ve)]
dv

S(t|X)

+ 1 (v -1)° [_d;exp(—v's)ﬂ
2 av? v=1

exp(-€) - eexp(-€)E (V-1) + 1/2€’exp(-€)E, (V-1)°

exp(-€¢) [1 + g?e’]
2

S(t|X,v=1) [1 + o*€*]. (2.4.3)
2

The density and the hazard functions can similarly be

derived as:

fF(t|X) = f(t|X,v=1) [1 + g?(€* - 2€)] and: (2.4.4)
2

2 Heckman and Singer (1984a) show that parameter estimates may
be very sensitive to the choice of the mixing distribution.
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h(t|X) = h(t|x,v=1) [1 - gl e ]. (2.4.5)

By using the preceding functions, a score test of whether
0! = 0 can be easily be implemented as a test for unobserved
heterogeneity. The log likelihood function, given by

(2.2.10), using (2.4.3) and (2.4.4), can be written as:

N
L = 2[:C[log f(t|X,V=1) + log(l + g? (€ = 2€)]
i=1 2
+ (1 - C)[log S(t|Xx,v=1) + log(1l+ 0262)]:] (2.4.6)
2 .
The mean score evaluated at o = 0 is:
1 6L = 1 2[:C(e‘ - 2¢) + (1 —C)eZ:J
N dg2 o =0 2N
= 1 E{e? = 2C¢]. (2.4.7)
2N

Kiefer (1984), Burdett et al (1985) derive a similar mean
score by using a 'U' representation of the heterogeneity
term where u(X) = exp(XB + U) = V exp(XB). Given a constant
term in X, the unconditional functions can be approximated
by using a Taylor's series expansion of the density function

around the zero mean of U as follows:

31



H

f(t]X) £(t|X,U=0) [1 + 0*/2 (1 - 3€ + €*)]. (2.4.8)

S(t|X,U=0) (1 + 0*/2 (€' - €)]. (2.4.9)

S(tiX)

Using these functions in the likelihood, the mean score is:

1 6L = _1 2[:C(1 - 3€ + €*) + (1 - C)(e* - e):J
N 602 [o*=0 2N
= 1 X[e? - 2Ce + C - €]. (2.4.10)
2N
As I(C - €) = 8L/6B, is set equal to zero to maximise the

likelihood function, the two approximations to the density
functions result in identical diagnostics used in testing

for heterogeneity.”

If all the observations are complete, the mean score is

(1/2N) =(e€* - 2€¢). A score test is (1/2N) Z(€* = 2¢€)

divided by its asymptotic standard error where maximum

likelihood estimates have been substituted into €.

Lancaster (1985) derives the variance of the mean score
equal to 2.55063N for a Weibull model, using the theoretical
information matrix. However, with censored data,
Lancaster's test cannot be used as the theoretical
information matrix cannot be derived without exactly

specifying the censoring mechanism.

¥ Jensen (1287) and Sharma (1989) make a similar remark

when data consist of uncensored observations only.
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Burdett et al.(1985) on the other hand, following the
testing procedure proposed by Kiefer (1984,1985), use sample
information to calculate the variance of the mean score.

For example, let the mean score (1/N) (§L/éc?), evaluated at
c?*=0, be S = (1/N)Es;. The suggested variance of the mean
score is (1/N?)Z(sli - s,;) where s is the sample mean of s.
As the information matrix, using a Weibull specification, is
not bleck diagonal, the covariance between the elements of
the score vector, §L/8c¢° and 6§L/68 is ignored where 8 = (a
B')'. As a result, the proposed variance of the test
statistic is over-estimated and thus would result in the
under-rejection of the null hypothesis of no heterogeneity.
Kiefer's (1985) claim that such a testing procedure is
conservative in the sense that it leads to more rejections,
cannot be true. This approach, however, can be used even

when the data consist of some censored observations.

One possible way to improve on the computed variance of the
mean score is to use the observed information matrix but
include the effect of the off diagonal terms in the matrix.
When the model is correctly specified, the theoretical
information matrix equality holds and, therefore, two
candidates for the observed information matrix are the
sample hessian of the log-likelihood function and the outer
product of the sample scores. If the outer product form of

the observed information matrix is used, the resulting score

33



test can be implemented easily. Let D be a (iNxkK) matrix
consisting of N sample observations of a (kxl) score vector.
Therefore, the observed information matrix is given by D'D.
The score test can easily be implemented by running an
artificial regression of a vector of ones on D. The test
statistic can be calculated as NR?’ where R! is the
uncentered coefficient of determination derived from this

artificial regression.

2.4.3 Information Matrix test

The variation in the intercept term in X can also be viewed
as having been caused by neglected heterogeneity. A score
test of the hypothesis that the intercept has zero variance
can be used as a test for neglected hetercgeneity. Chesher
(1984)15 has shown that a score test whose form does not
depend on the form of the heterogeneity distribution is the
same as the information matrix test of White (1982).

The information matrix test is based on the principle that
given the hypothesis of no misspecification, the information
matrix can be expressed in either the hessian or the outer

product form. For a correctly specified model:

14 Godfrey and Wickens (1981) first suggested this easily

implementable version. See, alsec, Davidson an MacKinnon
(1983) .

13 see, also, Cox (1983).
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E 8§%1oglL = 1ogL 6logL (2.4.11)
TRER

where 8, is the true value of the parameter vector.
Significant differences between the two can be interpreted
as being caused by model misspecification. The test can be
implemented by using the sample analogue of moments as
follows:

-~

dn(®) = 1 £é6°loqL ~ + 1 T(élogL][SlogL]" ~ (2.4.12)
N &666' |8=8 N 58 50 e=96

where (~) represents evaluation at the maximum likelihood
estimates. The test 1is conducted to see if vector given by

(2.4.12) is significantly different from zero.

The most general form of the test involves comparing all

the N(N+1)/2 distinct elements of dn(8) with zero. However,
attention may be confined to any subset of the distinct
elements, in particular, the intercept. Tiven u(X) = B, +

X,B, in the log-likelihood function,

L = Z[Clog f(t]|X) + (1 - C)log S(t{X)],

SL/6B, = T(C - €).

This implies that (C - €) = 0 as §L/éB  is set to zero to

get to get maximum likelihood estimates. Furthermore,

35



$*L/6B,} = Z(-€) and:

[6L/8B.1° = £(C - €)°.

Therefore, (1/N)Z[é°L/8B}] + (1/N)Z[6L/650f at the maximum

likelihood estimates is:

1/N Z[(C - €)° - €]

1/N T[€* - 2Ce]

which is the same as the numerator of the score test derived

before.

From the above result it can be seen that the test for
heterogeneity can be conducted using White's information
matrix test. Chesher (1983) and Lancaster (1984) have
suggested a simple and easily implementable NR’ version of
the Information Matrix test. This test is carried out by
running an ordinary least squares regression. The lhs
variable for this regression is simply a vector of ones. The

rhs wvariables are:

a) [8L/8B,)° + 6'L/6B* and:

b) the scores of all the parameters of the model.

For a Weibull model, the rhs variables are:
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L = (C - €) X, j =0,...K, (2.4.13)
5B,

J
6L = € + log(t) (C - €), and: (2.4.14)
S Qa
[SL/6B_1° + 6°L/6B} = (C - €)? - €. (2.4.15)

The asymptotic X? (1) statistic can be computed by
multiplying N by the uncentered R! from the above mentioned
artificial regression. Note that this implementable version
is algebraically equivalent to the improved Kiefer's version

suggested earlier.

2.4.4 Conditional Moment Restriction Test

As seen earlier, all suggested tests of heterogeneity in the

literature are based on the generalised residual, €. As ¢
has a unit exponential distribution when the model is
correctly specified, testing its second moment restriction
has been the basis of tests of heterogeneity. The gquantity

that is equated with zero is:

(1/2N) Z(e€? - 2Ce]
= (1/2N) Z[e€? - 2¢€¢}, if all the observations are complete
= (1/2N) Z[e?* - 2], as Z €/N =1
= (1/2) (s* - 1) (2.4.16)

where s? is the sample variance of the generalised residual.
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Thus, the score test or White's information test of no
heterogeneity amounts to testing the second moment

restriction of €, namely that Var(e) = E(e-1)® = 1.

If some observations are censored, then:

(1/2N) T[€* = 2Ce] = (1/2N) ET[(e-1): - C]
= (1/2) [s,* = Z(C/N)] (2.4.17)
where e = €¢+1-C and s,’ is the sample variance of e. This

result can be interpreted as testing the second moment
restriction of the adjusted generalised residual, e, namely
that Var(e) = E(e -1) = m where 7 is the expected

probability of censoring.16

Thus, heterogeneity tests can be considered conditional
moment tests as studied by Tauchen (1985) and Newey
(1985).” An easily implementable rendition of the
conditional moment tests exists which can be computed by
running an artificial regression. An ordinary least square
regression is run where the lhs variable is simply the
difference between the theoretical and the predicted moment
from the probability model and the rhs variables comprise a

constant and all the scores of the model. Testing if a

' see Lancaster and Chesher (1985a, 1985b).

7 Pagan and Vella (1989) provide a good discussion of such

tests.,
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particular moment restriction is satisfied is equivalent to
performing a t test for a non zero intercept. A major
advantage of this procedure, based on an artificial
regression, is that it gives the user a detailed information
on the statistical significance of each moment restriction
separately, instead of the joint significance of all moment
restrictions (Tauchen (1985)). This information, however
cannot be useful when moment restrictions are correlated.
Validity of a particular moment restriction will depend on
the validity of the other if the two are correlated. The
joint test of all restrictions is implemented by testing for

a non-zero intercept in a SUR regression model.
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CHAPTER 3

GENERAL SPECIFICATION TES8TS OF MOMENT RESTRICTIONS:

WITH AN APPLICATION TO KENNAN'E STRIKE DATA

3.1 Introduction

In this chapter it is shown that the application of joint
tests of misspecification, rather than partial or separate
tests, 1s necessary in conducting specification tests of
parametric duration models. The wvalidity of most of the
popular separate tests in the econometric literature relies
on some auxlliary assumptions in addition to the ones being
tested. For example, a test of heteroscedasticity,
generally relies on the auxiliary assumption that there is
no serial correlation in the data. 1In the presence of more
than one source of misspecification, inferences drawn from
the outcome of any separate test are distorted, especially
when separate tests are correlated. As a consequence, the
size and power of such tests are incorrect when the
additional auxiliary assumptions are not satisfied by the
given data. One solution to such a problem is to compute an
omnibus statistic, that tests all the assumptions made

within a given model jointly, and hence has power against

46



. . . . 1
several forms of misspecification.

In this chapter, such joint tests are considered for Weibull
and exponential duration models. An empirical illustration
of the tests based on Kennan's (1985) model of strikes is
provided. It is shown that even when none of the separate
tests is able to detect misspecification, the joint test
indicates ample evidence of misspecification. This is a
concrete example of the advantages of omnibus test
procedures since they avoid the incorrect inferences drawn

in a number of previous analyses of the Kennan strike data.

In the context of parametric duration models, it is
desirable to have diagnostic tests of the validity of the
distributional assumptions, since in the presence of
misspecification, estimation by maximum likelihood methods
may lead to inconsistent estimates. Two important sources
of misspecification are the functional form of the hazard
function and neglected heterogeneity. To date tests of
neglected heterogeneity have been emphasised.z The separate

heterogeneity test is derived on the assumption that the

' Bera and Jarque (1982) follow such a procedure in the case
of a linear regression model. Moon (1988) considers joint
score tests for skewness and heteroscedasticity in a binary
logit model.

¢ see Lancaster (1983,1985), Kiefer (1984), Burdett et al.
(1985), Lancaster and Chesher (1985a).
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functional form of the model is correctly specified, and
therefore will not have the right size or power when the
maintained assumption is not true. Moreover, Manton,
Stallard and Vaupel (1986) and Trussell and Richards (1985)
have shown that model estimates may be sensitive to the
choice of the underlying hazard function. Hence, if the
choice of the estimated hazard function is deemed
restrictive, then, at the very least, tests for functional
form misspecification should accompany any test of

heterogeneity.

As mentioned in Chapter 2, the test of heterogeneity is
interpreted as testing for the second moment restriction of
the integrate hazard function, €, which is the generalised
error in the sense of Cox and Snell (1968). However, such a
test is a valid separate heterogeneity test only if the
conditional duration distribution is correctly specified.
The second moment restriction of € cannot be evaluated in
isolation when other sources of misspecification exist
concurrently. More generally, a joint test of all moment
restrictions of € should be used rather than a test of the
second moment only. An apparent limitation of such a
strategy is that higher order moments may not be estimated
accurately from a given sample. Moreover, testing for all
higher order moments of € implies a test for general

misspecification and thus rejecting the null would not
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automatically direct one to a better respecified model.

Alternatively, tests are proposed in this chapter that are
based on a specified parametric alternative. This point is
elucidated in the context of a heterogeneous generalised
gamma distribution which can be specialised to exponential,
Weibull, gamma and log-normal duration models, with or
without heterogeneity. 1In Section 3.2, a heterogeneous
generalised gamma duration model is considered and used to
derive joint and separate score tests for functional form
misspecification and neglected heterogeneity for a Weibull
model. Similar tests are derived for an exponential model.
In Section 3.3, these tests are applied to Kennan's strike
data. It is inferred that when any separate is implemented,
Weibull as well as exponential models seem appropriate.
However, when a joint test is applied, both exponential and
Weibull models are found to be inadequate. Informal
plotting procedures are also applied both for an expository

analysis of the data and for testing for parametric models.

With the rejection of the joint null hypothesis, the
possible misspecification could arise either from the
functional form of the hazard function or from neglected
heterogeneity. To detect the source of misspecification, a
sequential parametric test procedure of a "general-to-

specific" kind is proposed and carried out. A flexible,

49



generalised gamma model is estimated and used to test for
heterogeneity in Section 3.4. Similarly, heterogeneity is
allowed for through the use of a gamma representation for
the distribution of the heterogeneity term in the Weibull
and exponential models and is used to test for functional
form misspecification. The results indicate neglected
heterogeneity in the sample and a non-monotone hazard
function for the strike duration which is in accordance with

Kennan's inference.

The tests of misspecification are given the tests of
conditional moment restriction interpretation in Section
3.5. It is inferred that all tests of misspecification can
be interpreted as the tests for moment restrictions of the
appropriately defined generalised errors. Using the Newey
(1985) and Tauchen (1985) framework, the procedure for such
tests 1s expounded in a general setup. In Section 3.6,
tests of moment restrictions for Weibull and exponential
models are developed. The tests of higher order moment
restrictions of € are applied to Kennan's strike data. It
is seen that even though the tests of the second and third
moment restrictions of € do not spot misspecification, the
results change when the fourth moment restriction is added
on to the second and third moment restriction. Section 3.7

contalins the concluding comments.
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3.2 S8core Tests For Misspecification

3.2.1 Generalised Gamma Distribution

In order to avoid distortions arising from a restricted
choice of a parametric duration distribution, it is proposed
that tests be based on a three parameter generalised gamma

distribution (g.g.d.). The density function of a g.g.d. is:
£(t|X) = pat™ ! exp(-ut®) /T (k). (3.2.1)

4 is taken as exp(XB) = exp(B +X,B,) to ensure its non-

negativity; X is a vector of explanatory variables.

Pereira (1978), using Cox's (1961, 1962) approach for
testing non-nested hypotheses, develops tests to
discriminate between log-normal, gamma, Weibull and
exponential models. This approach, however, becomes
intractable when heterogeneity is allowed tor.>
Alternatively, the encompassing approach is suggested as a
means of discriminating between the above-mentioned
parametric models. This point is elucidated in the context
of a heterogeneous generalised gamma distribution which can
be specialised to the above models with or without

heterogeneity. Even though it is difficult to estimate

parameters of this distribution, score tests can be easily

3> Heckman and Walker (1987) suggest goodness of fit criterion,
among other criteria, to validate competing non-nested models.

51



implemented since only the null model needs to be estimated

for such tests.

Given some unobserved multiplicative hetercgeneity,
represented by V, the distribution (3.2.1) conditional on V

can be written as:
f(t|x,v) = vkat®™ ' exp(-vut®) /I (k). (3.2.2)

As V is not observable, the unconditional distribution can
be derived by integrating (3.2.2) with respect to the
distribution of V. Given a constant term in X, E(V) can be
set to equal 1 without loss of generality. Further, for a
small variance of the heterogeneity term denoted by o?, the
density function can be approximated by a second order

Taylor series expansion around the unit mean of V as

follows:
f(elx,v) = f(t{x,v=1) + (V-l)[é_f(tlxm]
5V V=1
+ 1 (V-l)’[: 52 f(tIX,V):] (3.2.3)
2 sv? v=1.
and:

f(t|X) = E,(£(t]|X,V)]

= f(t|X,V=1)[1 + (0?/2){k(k-1) = 2kut® + (ut®)?}]. (3.2.4)
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Note that the unconditicnal density function, given by
(3.2.4), does not depend upon any parametric representation

of the heterogeneity distribution.

2.2 Joint and Partial Score Tests for a Weibull Model

The hypothesis that the given distribution is Weibull can be

tested using a score test where the null is specified as:

H: o*=0 and k=1. {3.2.5)

(=]

For the approximate density in (3.2.4), the log likelihood

function is:

L=z [Elog(u) + log(a) + (ak - 1)log(t) - ut® - log I (k)

+ log[l + (o /2){k(k-1) - 2kut® + (ut“)’}i] (3.2.6)
Let 6 = (6,' 6,')' where:
8,' = (o’ k) and 8,' = (B, B,' a). (3.2.7)
Let s(8) and I{(®) denote the score vector and the
information matrix respectively. The elements of the
relevant score vector, s,(8)), evaluated under the null

hypothesis are:

dL = 1 Z(€* - 2¢) = 5,,(8,). {3.2.8)
do? [H, 2

dL = Z[log(u) + alog(t) - ¢(1})]

dk |H

Z(log(€) - ¢(1)] = s,,(8,). (3.2.9)
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where € = ut® and ¢(r) = dlog I'(r) is the digamma function
dr

and ¢'(r) = d*log I'(r) is the trigamma function.
dr:

The joint score test of the null hypothesis is:

LM, = s,'(6,)I'(6,)s,(8,) (3.2.10)

where (~) denotes that the quantities have been evaluated at
the restricted maximum likelihood estimate of the parameter
vector, ©, and I = [(r,, - Iu(I&)WIm]4 is the partitioned
inverse of I(8). The given test statistic has a chi-square
distribution under H, with degrees of freedom determined by
the number of restrictions imposed. The partitioned inverse

based on (3.2.5) can be derived as (see Appendix 3A):

1" -1 1-q q-1/2
(I (8,})] =N (3.2.11)
g-1/2 @' (2)-9q

where q = 1/¢'(1) and N is the sample size.
The partial test for heterogeneity, LM,, under the

assumption that the hazard function is correctly specified

is:
IM, = s,,' (N(1-p)]"' s, (3.2.12)
which is similar to the test proposed by Lancaster (1985).
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Similarly, a partial test for functional form

misspecification, given no neglected heterogeneity, is:
-1
IM, = s,,' [N(@#'(2)-pP)]  S,,- (3.2.13)

From (3.2.11), it can be seen that the relevant portion of
the information matrix is not block diagonal and thus the
partial tests are not independent. Due to the non-zero
correlation between the two tests, the nominal size and
power of any partial test will be affected by the presence
of the other source of misspecification that is ignored.
Therefore, results of partial tests can be misleading when

both sources of misspecification exist.

2.3 Joint and Partial Score Tests for an Exponential Model

Analogous to the above procedure, the exponential
specification in the context of a heterogeneous generalised

gamma model, can be tested using:

H: o*=0, a=1, k=1. (3.2.14)

o

Implementing the notation given above, with 8,' = (g a k),

the elements of the relevant score vector, s,(8,), are:

dL = 1 Z[€* - 2€] = s5,,(8,). (3.2.15)
do? |H, 2

dL = Z[1 + (1l-€)log(t)] = s,,(8,). (3.2.16)
da |H
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dL = Z[logf{e) - (1)) = 5,;(8,) . (3.2.17)
dk |H

o)

The test will be based on the following expression for the

relevant partition of the information matrix evaluated under

(3.2.14) :
[, -1 -1/2

[r'e,)1' = N |-1 ' (1) 1 (3.2.18)
-1/2 1 o' (2)].

The partial tests of ¢‘=0, ao=1 and k=1 represented by LM,,

IM,, LM, respectively, can similarly be derived as:

LM, = s,,'[N]'s, (3.2.19)
LM, = s,,"'[N¢'(1)] 's,, (3.2.20)
LM, = s,3'[No¢'(2)] 's,. (3.2.21)

Similarly, using the appropriate elements from (3.2.18),
tests of two restrictions can be derived. For example, a
test of functional form misspecification for an exponential
model would imply testing for a=1 and k=1 jointly. Using

(3.2.18), such a test is easily implementable.

One further comment needs to be made regarding the
computation of these tests in the presence of censored

observations. With censored observations, the theoretical
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information matrix needed to implement the score tests
cannot be derived without additional information regarding
the censoring mechanism. However, the tests can be based on
the observed information matrix. Efron and Hinkley (1978),
more generally, recommend the use of the observed
information matrix as it is closer to the data than the
corresponding expected (theoretical) information matrix.

Two possible candidates for this matrix are the sample
hessian of the log-likelihood function and the outer product

of the sample scores.”

“ In Chapter 5 of this thesis, various ways of implementing
score tests, 1in the presence censored observations, are

discussed.
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3.3 Analysis of S8trike Data

3.3.1 Background

In order to illustrate specification tests, data on duration
of the contract strikes in U.S5. manufacturing industries, as
reported by Kennan (1985), are analysed. Kennan studies the
effect of business cycles on strike durations for the period
1968 through 1976. A proxy for cyclical effects is formed
by taking the residual from the regression of the logarithm
of industrial production in manufacturing (INDP) on time,
time squared, and monthly dummy variables. The data consist
of 566 observations on duration of completed strikes

measured in days and the corresponding value of INDP.

3.3.2 Graphical Analysis

Graphical procedures are often employed in duration models
both for an exploratory analysis and for testing for the
parametric specification of a given model’. Empirical
plots, using observations grouped by the levels of the
covariates to achieve homogeneity, can be used to suggest
the shape of the underlying hazard function. An attempt is
made here to create two such homogenous samples for X below
and above the mean. The empirical integrated hazard

function, N(t), for the two samples is derived. The

> see Lancaster and Chesher (1985b), Kiefer (1988), Lawless
(1982) and Chapter 2 of this thesis for details.
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estimated f1(t) = minus log of the estimated sample survivor

function, S(t), where:

é(t) = N'(Number of sample observations 2> t).
The plot of the integrated hazard function can suggest the
shape of the underlying hazard function. If the integrated
hazard is linear, it represents a constant hazard implying
an exponential model. A convex integrated hazard implies an
increasing hazard and a concave integrated hazard implies a
decreasing hazard. From Figures 3.1 and 3.2, the underlying
hazard function seems neither constant nor monotonic. This
observation may have resulted from the fact that the above
procedure to suggest the appropriate, underlying, functional
form has not worked due to neglected heterogeneity in the
sample. Grouping observations by the levels of the observed
covariates may not have resulted in homogeneity in the

distinct sub-samples.

Graphical plots are also used to ascertain if a particular
parametric model is adequate. For a correctly specified
parametric duration model, the generalised residuals,
defined as the integrated hazard function, should behave
approximately like a random sample taken from a unit
exponential distribution. A product-limit estimate of the
integrated hazard function of the generalised residuals is
obtained. If the model is correctly specified, the scatter

plot of this estimate against the generalised residuals
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should cluster around a 45° line through the origin.

Such scatter plots for the exponential, Weibull and
generalised gamma models are plotted in Figures 3.3, 3.4 and
3.5. It is observed that the departure from the 45° line is
almost identical in all plots. One problem with informal
graphical procedures is that some degree of subjectivity is
involved in interpreting the results. If one were to infer,
from Figure 3.3, that the exponential model is inadequate,
the less restrictive models graphed in Figures 3.4 and 3.5
offer no improvement. As a preliminary look at Figures 3.1
and 3.2 suggests that the hazard function is neither
constant nor monotone, one expects the plots to show a
substantial improvement when the g.g.d. is used to model the
hazard function. This is obviously not the case. The
problem may be that not only is the urderlying hazard
function non-monotone, but there is also some neglected

heterogeneity in the sample, causing misleading results.

3.3.3 Parametric Specification Analysis

All the previous conjectures made using informal graphical
plots are here formalised with parametric tests. The
specification tests, described in Section 3.2, implemented
on the exponential model and the Weibull model are reported

in Table 3.1 and Table 3.2 respectively. To reiterate, the
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results presented in the tables are based on the score test
principle where the parameters of the alternative hypothesis
are not estimated. For instance, in order to implement

tests for an exponential specification, the parameters o?, a

and k are not estimated.

From Table 3.1, it is seen that none of the partial tests
detect any misspecification in the exponential model. This
implies either that the model is correctly specified, or
that the joint presence of more than one source of
misspecification has some kind of cancellation effect on the
partial tests. Pagan and Vella (1988) and Kiefer (1988)
have reported specification tests that support a simple
exponential model for the same strike data. This is
contrary to Kennan's arguments for a non-monotone hazard
function. The misleading indication of a good fit of the
model may be explained by the cancellation of the effects of
true duration dependence with the spurious duration
dependence induced by neglected heterogeneity (see also
Jaggia and Trivedi (1989)). However, the joint null
hypothesis of 0?’=0 and a=1 is also not rejected. 1In fact,
none of the two restriction tests suggest misspecification.
This apparent inconsistency may be due to the fact that the
hazard function is non-monotone and is not accurately
captured by a monotonic Weibull hazard function or gamma

hazard function. However, the joint test of three
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restrictions, based on a heterogeneous generalised gamma
distribution, does indicate that the exponential model is

inadequate.

The results from the estimated Weibull model, shown in Table
3.2, also support similar conclusions. The joint test of

the two restrictions, 0?=0 and k=1, is not supported by the
given data, even though the two partial tests fail to reject

the null hypothesis.

This analysis suggests that in order to detect violation of
any parametric assumption, no additional auxiliary
assumptions should be made in estimation. For example, one
has to allow for heterogeneity in estimation to test for
functional form misspecification. Similarly, one has to
estimate a fairly general hazard model in order to have a
valid test of heterogeneity. This will provide the useful
information about the desirable direction for the
respecification of the model and is considered in the next

section.
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3.4. Detecting the Source of Misspecification

3.4.1 Functional Form Misspecification

A known limitation of joint testing is that a significant
joint test does not indicate the nature of the required
respecification of the model. 1In order to test for
functional form misspecification, one may proceed as
follows: Consider the Weibull model, with the
multiplicative heterogeneity term, V, in the density

function:®
F(t|X,V) = Vuat®' exp(-vut?). (3.4.1)

Several authors (Lancaster (1979), Vaupel et al. (1979) etc.)
have used the gamma distribution as a convenient mixing
distribution for V.’ If V has a gamma distribution with a
unit mean and variance of 1/8, the density function

conditional only on the observed X is:

6+1

£(t|X) = pat®’ I: . eta ] (3.4.2)
+U .

6 Jaggia and Thosar (1989) argque that V should not bhe thought
of only as a proxy for omitted regressors. More generally,
V captures some intrinsic randomness in the model. The mixing
distribution is used not only to compensate for some omitted
regressors but also to correct for an overly restrictive
individual hazard function.

7 Hougaard (1984, 1986) shows that inverse gaussian
distribution, like gamma, has all the desirable properties of
a mixing distibution though it is not as widely used. He also
suggests a more general distribution that specialises, among
others, to gamma and inverse gaussian distributions.
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The log-likelihood function, using (3.4.2), can be maximised
in the usual way. To test for a functional form
misspecification in the generalised gamma family with gamma
heterogeneity, one may test for k=1. The heterogeneous
generalised gamma distribution, given by (3.2.2),

conditional on V is:
£(t]|X,v) = Vukat®™ lexp (-vut?®) /T (k) .

Given that V is gamma distributed with unit mean, the

unconditional density is:

k

f(e]x) = ufat?k 1 g8

8° T (8+k) (3.4.3)

(8+ut®) ¥ r(xyr(e)

and the log-likelihood function and the efficient scores

are, respectively,

L = E[Elog(u) + log(a) + (ak-1l)log(t) + 8leg(B8) + log I'(8+k)

-(8+k)log(B8+ut®) - log I'(k) - log r(e):] (3.4.4)
and:
dL = EEOQ(#) + alog(t) + ¢(6+1) - ¢(1) - 109(9+ut°'z]
dk |H,

= T[log(e) + ¢(86+1) - ¢(1) - log(8+€)]. (3.4.5)

If an exponential model with a gamma heterogeneity
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distribution is estimated, the extra restriction, a=1, can

similarly be tested.

These tests of functional form misspecification are applied
to the heterogeneous exponential model and the Weibull
model, as shown in Table 3.3 and 3.4 respectively. The test
statistics are based on the observed information matrix
computed as the outer product of the sample scores. From
the tables, it can be inferred that the hazard function is
neither constant nor monotonic, which is consistent with
Kennan's findings. The next logical step is to determine if

there is neglected heterogeneity in the sample.

3.4.2 Neglected Heterogeneity

Given that even the Weibull hazard specification is not
appropriate for the hazard function, one can estimate a
generalised gamma model and test for neglected
heterogeneity. Generalised gamma models are known to have
convergence problems, especially when the parameter, X is
large. The model has to be reparametrised to obtain the
maximum likelihood estimates.? However, no convergence
problems were encountered with the given strike data, even
with the original parametrisation. A possible explanation

for this result is the large sample size and the fact that

8 see Lawless (1980), and the references therein, for an
explanation of why such models do not converge and for
possible modifications that would allow for their estimation.
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the estimated value of k is small.

A score test of ¢?'=0 may be based on (3.2.6) which does not
depend upon any parametric representation of the
heterogeneity distribution. Using (3.2.6), the appropriate

score is:

dL =1 [k(k-—l) - 2kut® + (ut“)zj (3.4.6)
do? |H 2 .

o]

The score test of neglected heterogeneity in a generalised
gamma model is also based on the observed information
matrix, computed as the outer product of the sample scores.
From Table 3.5, It can be concluded that there is evidence
of unobserved heterogeneity in the sample. It is
interesting to note that a partial test of heterogeneity
detects misspecification only when a fairly general duration

distribution is used in estimation.’

The results of the parameter estimates under alternate model
specifications are presented in Table 3.6. It is noted that
whenever a more general hazard function is estimated, the
additional parameter is found to be insignificant. For
example, when a Wald type test is applied to a generalised

gamma model, it is found that both a and k are not

? Convergence problems in estimation were encountered when a
g.g.d. with gamma heterogeneity model was attempted.
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significantly different from 1. This result implies that an
exponential specification is appropriate. Furthermore, the
likelihoocd ratio (LR) test, computed by taking twice the
difference between the maximised log-likelihood values of
the null and the alternative models, suggests that the
generalised gamma distribution is not an improvement over
the Weibull or the exponential model. However, unlike the
cases of the exponential and Weibull models, when a
generalised gamma model 1s estimated, the separate score
test of heterogeneity indicates the presence of neglected
heterogeneity. The misleading results obtained from using
Wald or LR tests can once again all be attributed to the
fact that one possible misspecification, in the form of
neglected heterogeneity, 1s being ignored when testing for

the functional form specification of the model.

When a generalised gamma model is estimated, the estimates
of a and k are found to be 0.71 and 1.71 respectively,
implying an inverted 'U' shaped hazard function (see Glaser
(1980)). This result is in contrast to Kennan's finding of
a 'U' shaped hazard. Quite possibly the above estimates of
the shape parameters are misleading due to neglected
heterogeneity in the sample. The estimate of the regressor
coefficient in all models, however, implies that strike

durations are countercyclical, as in Kennan.

67



3.5 conditional Moment Tests

3.5.1 Interpretation

As seen earlier, the test of heterogeneity is based on the

generalised residual, €. Since € has a unit exponential
distribution when the model is correctly specified, testing
its second moment restriction has been the basis of tests of
heterogeneity. When all observations are complete, the

quantity that is equated with zero is:

1/2N Z[€2 - 2€)
= 1/2N x[€* - 2], as Te/N = 1 at the ML estimates.
= 1/2 (s* - 1)

where s* 1is the sample variance of the generalised residual.
Thus, the score test or White's information test of no
heterogeneity amounts to testing the second moment

restriction of €, namely that Var(e¢) = E(e€ - 1) = 1.

However, one cannot test for the second moment restriction
in isolation as neglected heterogeneity may not be the only
source of misspecification in the model. Therefore, it is
necessary to test for the second order moment restriction
along with the higher order moment restrictions of € in
order to test the specification of a model. Alternatively,

it is noted that there is no unique way of defining a
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generalised error. Any non-linear transformation of the
integrated hazard function can be interpreted as a
generalised error in the sense of Cox and Snell. Testing
moment restrictions of all such errors can be used to check
model adequacy. For example, if € is defined as the
integrated error, then ¢, = log(e) has a standard extreme
value distribution with well defined moments, such as E(€,)
= ¢(1) = -.5772 and Var(e,) = ¢'(1l) = v*/6. Similarly, one
can define €, = €,log(t) as yet another generalised error,
and so on. There 1is an infinite number of moment
restrictions that can be thus evaluated. However, testing
moment restrictions of all such errors will be meaningful
only if an interpretation can be provided for the situation
in which a particular moment restriction is not satisfied,
given that all the other restrictions are met by the given

data.

From (3.2.8), cne can see that the score test of k=1 is
equivalent to testing for the first moment restriction of ¢,
= log(e€). If all relevant moment restrictions can be thus
identified, an omnibus test can be implemented using the
conditional moment restrictions framework studied by Tauchen
(1985) and Newey (1985) and, more recently, White (1987)."

With the Tauchen and Newey framework, the asymptotic

10 Pagan and Vella (1989) give a good exposition of such tests

and their applications to cross section data.
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distribution of all such moment restrictions can be derived
in a general setup and can be used to construct a joint test

to check their validity.

3.5.2 The Tauchen-Newey Framework

Tauchen-Newey tests are based on the auxiliary criterion
function, m(y,®)} that has a mean of zero with the specified
probability distribution under the null hypothesis. This is
similar to specifying a moment restriction that 1is expected
to be satisfied if the model is correctly specified. The

test is based on the magnitude of the following statistic:
T = > m{y,9) (3.5.1)

where (~) denotes that the quantities have been evaluated at

the maximum likelihood estimates of 6. m is a (gxl) vector

implying g moment restrictions. The statistic 7T is useful
for testing the specification of the model as it converges
almost surely to zero when the model is correctly specified
and to a non-zero quantity when the specification is
incorrect (Tauchen (1985)). Intuitively, when the model is

correctly specified, the maximum likelihood estimate of €

converges to the true parameter value 8, and T converges to
the expectation of the auxiliary function which by
construction is zero. Under the alternative hypothesis, the

estimated 8 converges to the quantity @’and the expectation
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of m(y,® ) under the alternative probability model, in

general, is non-zero.

The test is based on the statistic 7 that has a well defined
asymptotic distribution under the null. Using the notation
of Pagan and Vella (1989)”, the asymptotic distribution of

estimated 7 can be specified as:

N® T ~ n(0, AVA') (3.5.2)

(3.5.3)

L is a (gxq) identity matrix, where g represents the

number of conditional moments being tested.

J is a (gxk) matrix E(Sdm/é68) .

H is a (kxk) matrix ~E(§*1,/8866").

Vnm de
VvV =
Vam Vad
Vo 18 2 (gxq) matrix = E(mm'),
"' see Tauchen (1985), for example, for the regularity
conditions.
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Ve 1S a (gxk) matrix = E(md'),

o 18 a (KkxkK) matrix = E(dd'), where

v
d = 61,/60 is the score vector.

Therefore,

AVA' = V_ + JH'v + v _H'T' + gH'g". (3.5.4)

Moreover, the generalized information equality holds under
the null hypothesis, implying that J = -v_,. This further

simplification results in:

-1
AVAY =V - Vv _H 'V, . (3.5.5)

mm

The conditional moment test can, thus, be implemented as:

N Trv - v alv, 17T, (3.5.6)
Furthermore, if the expectations cannot be obtained
analytically, sample moments can be used in place of the
population moments to implement the test. The gquantities in

the variance of the relevant statistic can be estimated as:

Ve = 1 X mm' = 1 M'M.
N N

Vg =1 Zmd' = 1 M'D.
N N

H= -1 Z(671/68668"') = 1 T dd' = 1 D'D.
N N N
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Here M is an (Nxg) matrix specifying N sample observations
of a (gxl) vector with g moment restrictions. Similarly, D
is an (nxk) matrix specifying N sample observations of a
(kx1) score vector. With these quantities, the test is

computed as:

1 -1 =~

N° 7' [M'M - M'D(D'D) "D'M] T.

-1

= i'M [M'M - M'D(D'D} " D'M] M'i (3.5.7)

where i is a (Nx1l) vector of units.

This rendition of the test can easily be implemented by
running an artificial linear regression. Consider a
regression of i on Z where Z = [D M]. The NR?! derived from
this artificial regression, where R? is the uncentered

coefficient of determination, is given by:
itz(z'z) 'z'1i.

As 1'D = 8L/é8 = 0 by the first order restriction of the

maximum likelihood estimation, this term is equal to:

D'D D'M
[0 i'M] [0 i'M]"
M'D M'M
. -1 -1 .
= i'M [M'M - M'D(D'D) "D'M] ~ M'i
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which is the same as (3.5.7). Therefore, the Tauchen-Newey
type moment restriction test can easily be implemented by
computing the NR’ from the above mentioned artificial

regression.

Another readily implementable version of the conditional
moment test also exists. This test consists of running an
OLS where the lhs variable is simply the difference between
the theoretical and the predicted moment from the
probability model. The rhs variables comprise a constant
and all the scores of the model. Testing if a particular
moment restriction is satisfied is equivalent to performing
a t test for a non-zero intercept. A major advantage of
this procedure is that it gives the user detailed
information on the statistical significance of each moment
restriction separately, instead of the joint significance of
all moment restrictions (Tauchen (1985)). This information,
however, cannot be useful when moment restrictions are
correlated such that Vv _ is not block-diagonal. The
validity of any particular moment restriction will depend on
the validity of the other if the two are correlated. Thus,
when V= is not block-diagonal, the first step taken should
be the implementation of a joint test which is achieved by

testing for a non-zero intercept in a SUR regression model.
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3.6 Moment Restriction Tests for Duration Models

3.6.1 Test Against a Parametric Alternative

In order to test for both neglected heterogeneity and
functional form misspecification within a generalised gamma

distribution, the set of moment restrictions for a Weibull

model are:

m1(Yf8) 62 - 2
m(y,8) = = (3.6.1)
mz(Yre) €, ~ ¢(1)

Using the notation defined above, the test of the moment

restrictions, specified above, can be implemented as:

iy

N 7' [V, -V HV, 1 " T.

mm

where 7 = (1/N) Zm(y,®), and (see Appendix 3B)

. 4-49g -1+2g
Vim = VogH Vg = (3.6.2)
-1+2q ¢'(2)-q

Note that this test is the same as the score test developed

within the generalised gamma model.

3.6.2 Test based on an Unspecified Alternative

Tests based on specified alternatives have a limitation in

that they restrict the alternative and hence may not have
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good properties when the specified alternative is also
incorrect. For instance, if the restricted alternative is a
heterogeneous Weibull model, the heterogeneity test will not
be valid test if the restricted alternative is incorrect.
Here, it is suggested that a joint test of all moment
restrictions of € should be used rather than a test of the
second moment only. Such a test has the merit of being
based on an unspecified alternative and thus is not
restrictive in any way. Given any parametric model, the
integrated hazard function has a unit exponential
distribution under the null, and hence its moment
restrictions must be satisfied if the model is correctly
specified. Here it should be pointed out that there is no
statistical justification why the higher order moment
restrictions of € should be preferred to that of any other
choice of a generalised error. Furthermore, higher order
moments of € may not be estimated efficiently from a given
sample. However, it is argued that if the first few moment
restrictions are satisfied, the higher order moment
restrictions are expected to hold as well. One can resort

to higher orders if the sample size is sufficiently large.

Kiefer (1985) and Sharma (1989) develop score tests for the
exponential and Weibull models respectively. The tests they
derive are based on Laguerre polynomials and amount to

testing for moment restrictions of higher orders of and
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functions of generalised residuals, €. Here, a more
transparent version of these tests is given that consists of
computing the integrated hazard function, €, and testing its
moment restrictions using the Tauchen-Newey framework. The
advantage of this form is that it can be used for any
parametric distribution, not restricting to the exponential

and Weibull distributicns only.

In order to test for the first four moment restriction of e,

the auxiliary criterion function is:

m, (y,8) e ~ 2
m(y,8) = m,(y,8) = e - 6 (3.6.3)
my (Y, ©) € - 24

Therefore, in order to implement the test the following can
be derived (see Appendix 3B):
4-4q 36-30qg 288-208qg

-1
Vim = Vgl Vg = [36-309g 360-225qg 3168-1560q

(3.6.4)

288-208g 3168-1560g 30528-10816q
Tests for an exponential specification can similarly be
derived. 1In order to test for the same moment restrictions
of e=ut, for an exponential specification, the variance-

covariance matrix of the moment restriction is:
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4 36 288

-1
v, - V. H 'V, 36 360 3168 (3.6.5)

288 3168 30528

Tests of moment restrictions of various orders of € are
applied to Kennan's Strike data (see Table 3.6 and 3.7). It
is inferred that even though the tests for lower order
moment restrictions do not imply any misspecification,
results change when higher order moment tests are
implemented. For example, when the second, third and fourth
moment restrictions are tested jointly, the test results in

the rejection of a Weibull specification.

All the above mentioned tests are derived by taking
expectations of the relevant quantities under the null. As
mentioned earlier, if it is not possible to take
expectations analytically, sample moments can be used to
derive the test. This method has the added advantage of
computational ease. Such a test is especially appealing
when the data consist of censored observations and it is not
possible to obtain expectations without specifying the
censoring mechanism. However, since in the given sample all
observations are complete, tests based on the sample moments

are not carried out.
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3.7 Conclusion

In this chapter it has been shown that a partial test of
heterogeneity (functional form) is quite misleading in the
presence of functional misspecification (neglected
heterogeneity). Score tests for the functiocnal form
misspecification of the hazard function, along with
neglected heterogeneity, are developed for the Weibull and
exponential models. Partial tests are shown to be
asymptotically correlated within a heterogeneous generalised
gamma model, and thus the nominal size and power of any
partial test is affected by the presence of the other
misspecification. An empirical illustration based on
Kennan's strike data is presented which provides evidence
that incorrect inferences can be drawn due to the use of
partial tests. Tt is, therefore, stressed that the first
step in model evaluation should always be to implement a
joint test as more than one source of misspecification may

exist in any given model.

Moreover, tests of misspecification are interpreted as being
tests of conditional moment restrictions. Conditional
Moment restriction tests, developed by Tauchen and Newey,
are discussed and such tests are developed in the context of
exponential and Weibull models. Again, it is inferred that
misspecification is detected only when the joint test is

implemented on the higher order moment restrictions of €.
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TABLE 3.1

8CORE TEST RESULTS FOR AN EXPONENTIAL MODEL

Restrictions Test Statistic p-Value
g =0 0.156109 0.6928

a =1 0.439033 0.5076
k=1 0.092015 0.7616
o'=0, a=1 0.476700 0.7879
o:=0, k=1 0.161478 0.9224
a=1, k=1 2.455930 0.2929
oc?=0, a=1, k=1 13.445637 0.0038

TABLE 3.2

SCORE TEST RESULTS FOR A WEIBULL MODEL

Restrictions Test Statistic p-Value
g =0 0.014199 0.9051
k=1 2.009156 0.1564

ag*=0, k=1 11.870698 0.0026
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TABLE 3.3

BCORE TEST RESULTS FOR AN EXPONENTIAL-GAMMA MODEL

Restrictions Test Statistic p-Value
a =1 0.353771 0.5520
k=1 0.010174 0.9197

a=1, k=1 47.390425 0.0000
TABLE 3.4

SCORE TEST RESULTS FOR A WEIBULL-GAMMA MODEL

Restrictions

Test Statistic

p-Value

51.398681

0.0000
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TABLE 3.5

B8CORE TEST REBULTS FOR A GENERALSIED GAMMA MODEL

Restrictions Test Statistic p-Value
o =0 60.056180 0.0000
TABLE 3.6

PARAMETER ESTIMATES UNDER ALTERNATIVE MODEL SPECIFICATIONS

Variable Exponential Weibull Generalised Gamma
Constant -3.7826 -3.6936 -2.0585
(0.0421) (0.1638) (1.2168)
X 2.5072 2.4605 1.8379
(0.8539) (0.8706) (0.8060)
a 0.9789 0.7125
(0.0385) (0.1913)
k 1.7125
(0.7975)
Log-Lik. -2698.420 -2698.,20 -2696.619
Value

* Standard Errors in parenthesis.
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MOMENT RESTRICTIONS TEST RESBULTS8 FOR AN EXPONENTIAL MODEL

TABLE 3.7

Restrictions Test Statistic p-Value

€?=2 0.156109 0.6928

e?=2, €’=6 4.724089 0.0942

€’=2, €°=6, €°=24 7.388818 0.0605
TABLE 3.8

MOMENT RESTRICTIONS TEST RESULTS FOR A WEIBULL MODEL

Restrictions Test Statistic p-Value
€%=2 0.014199 0.9051

€?=2, e’=6 4.488741 0.1060
€?=2, €’=6, ‘=24 10.727937 0.0133
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Emplirical Integrated Hazard

FIGURE 3.2

trmpimical Integrated Hazard
(X Above its Mean)

i
a
EH
4
i
&
i 3@}
ﬂ?“ﬁ;
L I 1 T '
20 40 60 80 100 120 140 160

Duration

85

R

180

- -

<00



Residuals

—Log Survivor Fumnction of

Test

Al

y
4

FIGURE 3.3

tor Exponentin

Specific

Generalised Residuals

86



Residuals

—Loeg Survivor Functiom of

FIGURE 3.4

Testing Tor Weitnll Sper

Generalised Residuals

87



Residuals

Fumnctiomn of

—Log Survivor

FIGURE 3.5

lesting for Gen. Coma Speciin

6 _
5 i
.‘*i
‘- -
4
-
”:‘J +
],1;“‘*'
| .*

Generalised Residuals

88



Appendix 3A

In this appendix, the theocretical information matrix
required to implement the score tests for a Weibull
specification is derived. The likelihood function, given by
(3.2.6), based on the heterogeneocus generalised gamma

function is:

N
L =% 1, where
i=1
1, = klog(u;) + log(a) + (ak - 1l)log(t;) - €, - log TI'(k)
+ log[l + (o*/2){k(k-1) - 2ke;+ (€,)"}]. (3A.1)
Here € = ut® and u = exp(B, + X,B,). It is assumed, without
loss of generality, that E(X,) = 0 and E(X,X,') = O where 1
is a 1s non-singular (kxk) matrix. Therefore:
E(X} = [1 0,] and:

E(XX') = E 0:'
0 0 (3A.2)

The information matrix under the null can be derived using
the fact that when the model is correctly specified, € has a

unit exponential distribution. This result implies that:

E(e!) = 3. (3A.3)
Furthermore, the following results can easily be derived:
E(log(e)e”' / T(r)] = @(r) (3A.4)
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E[(log(€))%™ / T(r)] = @' (xr) + (o' (r))?° (3A.
p(z+1l) = ¢(z) + 1/z (3A.
Pt (z+1) = @' (z) - 1/2? (3A.

5)
6)

7)

where for r > 0, ¢(r) is the digamma function §log I'(r)/ér

and ¢'(r) is the trigamma function é*log Ir'(r)/8r: (see

Lawless (1982)).

Using (3A.2)-(3A.7), the components of the information

matrix, evaluated at ¢?=0 and k=1, can be derived as:

~E(671. /802 680%) = (1/4)E(4€’ + € - 4¢’) = 2. (3A.
-E(621,/80° §k) = (-1/2)E(1 - 2€) = 1/2. (3A.
~E(6*1,/60° §B') = E(e - €' ) E(X') = [-1 0,]. (3A.
~E(6*1,/80° §a) = E((e - €*)log(t))

= (1/a) (B, - ¢(2) ~ 1). (3A.
-E(671,/6Kk") = E{(e'(1)) = ¢'(1). (3A.
~E(621,/6kéB") = E(-X') = [-1 0,]. (3A.
-E(6*1,/6kéa) = E(-log(t)) = (1/a) (B, - ¢(1)). (3A.
~E(6%1,/8a%) = (1/a?) + E(elog(t)?)
= (1/a*)[1 + @' (2) + B,'aB, + (B, - ¢(2))?]. (3A.
-E(61,/6a68') = E(€log(t))E(X')

= (1/a) [¢(2)-B, -B,'Q). (3A.

~E(6'1,/6B8B")
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1 0
E(€)E(XX') = |0 n (3A.

8)
2)

10)

11)

12)

13)

14)

15)

16)

17)



Using (3A.8) - (3A.17), the components of the information
matrix, with €,' = (¢ k) and 8,' = (8, 8,' a), can be

derived as follows:

2 1/2
i1, = (3A.18)
1/2 @' (1)
-1 0 -1/a(m+1)
1I1,, = (3A.19)
N -1 0 -1/a(m+1)
where m = ¢(2)-B, and N is the sample size.

Also, the inverse of I,, can be found as:

1+m’ g -mgf,’ —amg
1(I,,) " = |-mgs, o '+gR,B,' agB, |
N (3A.20
—-amg aqB,! alq

where q = 1/¢'(1).

Therefore, the partitioned inverse needed to compute the

score test can be found as:

1M, 1 1-9q q-1/2
('] =N (3A.21)

g-1/2 @' (2)-q

The information matrix needed to compute the score tests for

an exponential specification can similarly be derived.
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Appendix 3B

In this appendix, conditional moment restriction tests are
derived where the variances of thea moment restrictions are
based on their expected values evaluated under the Weibull
specification. The results specified in (3A.2) to (3A.7)
are again used to derive these expressions. Let the set of

moment restrictions be:

2

m, (y,9) € - 2
m(y,8) = =
m,(y,98) €, ~ ¢(1)
where € = ut® and €, = log(€). Using the notation defined

in Section 5, the relevant components of the variance-

covariance matrix can be derived as follows:

var(m,) = E(e* + 4 - 4€*) = 20. (3B.1)
Var(m,) = E(ln(e))’ = (¢(1))* = ¢'(1). (3B.2)
cov(mm,) = E(e?’ln(e)) - 2¢(1) = 3. (3B.3)
Therefore,
20 3
Vim = (3B.4)
3 @' (1)
Also:
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8§1,/68, (1-€)

d,
— — d2
§l./éa (1-€e)1n{t) + 1l/ca d,

d=1| 61,768, | = (1-€)X,

Using the above, the following can be derived:
E(md,) = E((€*-2)(1l-€)) = -4.
E(m,d,) = E((€*-2)(l-€)) E(X,) = O,

E(m,dy) E((e?-2)(1l-€)1ln(t)) = —-(4/a) {(m+1/2).

il

E(m,d,) E((ln(e)-¢(1))(1-€)) = -1.
E(m,d,) = E((1n(€)-¢(1))(1-€)}E(X;) = 0O,.

E (m,d;)

These expressions are used to derive:

-4 0 -4(m+.5)

Vg = a
-1 0 -1(m-1)
a
Moreover, the inverse of H = -E(&’lﬁ/Seée') is:
1+m?: g -mgB, ' -amg
H' = -mgsB, n'1+qB1B1' aqB,
-amg agB,’ a’qg
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(3B.5)

(3B.6)

(3B.7)

(3B.8)

(3B.9)

(3B.10)

(3B.11)

(3B.12)

(3B.13)



The test of the above specified moment restrictions can be

implemented as:

N TV, - Vv H v, 1T T,

where 7 = (1/N) Zm(y,é), and:

y 4-4q -1+2qgq
Vim = Vgl Vi = (3B.14)
-l+2q ¢'(1l)-1-9q

Tests of higher order moments of € that are based on an

unspecified alternative can similarly be derived.

m,(y,9) el - 2
Let m(y,8) = m,(y,8) = € - 6
4
__ms(y,e)_ﬁ __e - ZEJ

The relevant components of the variance-covariance matrix

are.

var(m,) = E(e® + 36 - 12€%) = 684. (3B.15)
Var(m;) = E(€® + 576 -48¢*) = 39744. (3B.16)
Cov(mm,) = E(€’ - 6€° - 2¢€> + 12) = 108. (3B.17)
Cov(mm,) = E(€® - 24€® - 2¢* + 48) = 672. (3B.18)
Cov(mym,) = E(e’ - 24€’ - 6€* + 144) = 4896. (3B.19)

94



E(m,d,) = E((€-6) (1-€)) = -18. (3B.

E(myd,) = E((€’-6)(1-€))E(X,) = 0O, (3B.
E(m,ds) = E((€-6)(l-€)ln(t)) = -(18/a) (m+5/6) . (3B.
E(myd,) = E((e‘-24) (1-€)) = -96. (3B.
E(mgd,) = E((€'-24) (1-€))E(X,) = 0,. (3B.
E(mgds) = E((€°~24) (1-€)1ln(t)) = —(96/a) (m+104/96). (3B.

These expressions,

can be used to compute the following:

-96

Therefore,

derived:

108 672

684 4896 (3B.

4896 38744
—

0 -4 (m+1/2)

o4
o] -18 (m+5/6)

Qa {3B.
0 -96 (m+104/96)

a

to implement the test the following can be
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21)

22)

23)

24)

25)

together with the ones derived earlier,

26)

27)



—

4-4q 36-30q 288-208qg

V., - VoH'V, = |36-30g 360-225q 3168-1560q (3B.28)

288-208q 3168-1560q 30528-10816q

Conditional moment tests for an exponential model can

similarly be derived.
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CHAPTER 4

ADJUSTED 8S8CORE TESTE FOR DURATION DEPENDENCE

AND UNOBSERVED HETEROGENEITY

4.1 Introduction

The validity of separate separate tests of a particular
parametric restriction depends on the validity of additional
restrictions not being tested at that step. As a result,
this chapter is devoted to a discussion of testing for
sources of misspecification individually when several such
sources exist concurrently. An alternative method to
separate tests, is to start with a joint test, of all
relevant restrictions, that has power aginst several forms
of misspecification.' The non-centrality parameter of such
a test will be at least as large as that of any separate
test. However, the asymptotic power of a joint test may be
lower due to higher degrees of freedom. Moreover, simply
rejecting the joint null offers no information to respecify
the model appropriately. For this reason, some additional

information from separate tests is needed.

The standard separate tests which have been proposed to date
may be unhelpful in this regard when these tests are

asymptotically correlated with each other. 1In this chapter,

! see Chapter 3 of this thesis.
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adjusted separate tests are proposed that may be used to
gain some additional insight regarding the source of
misspecification. Three types of score-based tests for
testing the hypotheses of no neglected heterogeneity and no
duration dependence are comparared in the context of the
heterogeneous Weibull model. These tests are the separate
and joint tests for two parametric hypotheses, and the
conditional or adjusted score test for testing a single

separate hypothesis.

Let L(®) be the likelihood function where 8 = (©,,6,,6;)"' is
the set of parameters. Without loss of generality, let

H 8, = 0 and H_,: 8, = 0 be the two separate hypotheses and

o'l: 1

H 8, = 8, = 0 be the joint hypothesis. Further, suppose

012*
that 7,, 7, and r,, are score tests for H,, H, and H,
respectively. The objective is to carry out a specification

search for selecting the most appropriate of the models

considered.

The three possible approaches are examined as below. In the
first, H, or H, are tested for separately, assuming the
truth of the other. The model is generalised if the test is
significant.? a difficulty with this approach arises when

7, and 71, are stochastically dependent. Each separate test

¢ Wooldridge (1989b) refers to such a procedure as the

"bottom-up" approach.
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will in this case offer no information regarding the
particular misspecification being tested for. As a result,
the separate tests should only be claimed as general
misspecification tests and not directed at any particular
misspecification. However, under this interpretation a
significant test can not suggest direction for
respecification. Further, this approach may lead to a model
which is either over- or under-parametrised, a common

presumption being that over-parametrisation is more likely.

A second approach is to test the joint null and hence, the
possible correlation between the separate tests is dealt
with directly. A more general model may be inferred if 7,
is significant. However, if only a subset of the joint
hypothesis is false, this approach will lead to over-
parametrisation. Further, as shown by an example later in
the chapter, the joint test may have low power for some

parameter configurations against certain local alternatives.

A third approach is to test each of the two separate
hypotheses without assuming the truth of the complementary
hypothesis. That is, separate tests are constructed which
allow for the dependence of the test on nuisance parameters.
Two methods can be used in order to implement this test.

Firstly, a more general model than implied by the joint
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hypothesis can be fitted as in the least sgquares regression
based Neyman's C(a) test in Section 4.5 or, as in Section
4.4 of the chapter, the scores estimated under the joint
null can be "adjusted" for the nuisance parameter. 1In each
case the score test will be based on quantities that are
refered to as conditional or adjusted scores. This approach
is asymptotically equivalent to separate tests when the
joint null is true. Further, the example of the
heterogenecus Weibull model considered in this chapter shows
that the adjustments to the separate tests are easy to
compute and lead to better tests than the other two

approaches.

The rest of the chapter is corganised as follows. In Section
4.2, a simple but general exposition of variants of the
conditional score approach is provided and contrasted with
the standard approach. A joint score test for duration
dependence and neglected heterogeneity is derived within a
heterogeneous Weibull model and is contained in Section 4.3.
The non-null distribution and the conditions under which the
test has a low power are considered. The analysis is
further extended to derive the tests within a heterogeneous
generalised gamma distribution. 1In Section 4.4 the approach
of Section 4.2 specialised and used to develop conditional
score tests for heterogeneity and duration dependence based

on the restricted maximum likelihood estimates derived under
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the joint null hypothesis. In Section 4.5, the robust
conditional test for heterogeneity is suggested that uses a
variant based on least squares estimates of the Weibull
regression model. This latter approach is essentially an
application of the Neyman's C(a) principle. Rather than
restricting nuisance parameters to their hypothesised
values, consistent, though inefficient, estimates are used
to implement the OLS~-based C(a) test. As a result, the test
is robust. A Monte Carlo analysis of the conditional score
tests along with the joint and standard separate tests is
reported in Section 4.6. Finally, Section 4.7 contains the

summary and concluding comments.
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4.2 Conditional (Adjusted) Bcore Tests

In conducting separate score tests of subsets of parametric
restrictions, one typically assumes the validity of other
auxiliary restrictions. This method can have misleading
consequences if the auxiliary restrictions are not valid.
In duration models it is common to assume that the
functional form of the model is correctly specified when
testing for neglected heterogeneity. The heterogeneity test
may be correlated with the test of functional form
specification and hence may lead to erroneous conclusions
when the functional form of the model is incorrect. In
contrast, conditional (adjusted) score tests suggested in
this section do not suffer from this limitation as a
correction is made to compensate for the effect of the

violation of the auxiliary assumption.

Let 8 = [6,' 6,']' be the vector of k parameters to be
estimated, and 6, and 8, have k, and k, elements

respectively. Let L denote the log-likelihood function and
Sy = dL/d8, and s,(8) = dL/d®, denote the score vectors.

Let I(8) = -Efd'L / dede') denote the information matrix and
let s(6,) and I(6,) denote the score vector and the
information matrix respectively, evaluated under the null
hypothesis. It is known that under the standard regularity

conditions, the score vector has a multivariate normal
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3

distribution,” that 1is:
172 S4(8,)
N ~ n|0, 1 I(BO) (4.2.1)
S,(8,) N
where:

I I
1 12

I(8) = and N denotes the sample size.
Iz I,

Let the null hypothesis be:

H : 8, =8,. (4.2.2)

o]

The score test of the null hypothesis is:

IM = s,'(6)1''(6,)s,(8,) (4.2.3)

where (~) denotes that the quantities have been evaluated at
the restricted MLE of © and I' = [I,, - 11;_,(122)'1121]'1 is the
partitioned inverse of I(8). The given test statistic has a
chi-square distribution under H, with k, degrees of freedom.
The random variable, given by (4.2.3), has a chi-square
distribution because it is based on the following marginal

distribution result:

> see Breusch and Pagan (1980), Engle (1982, 1984), Godfrey
(1988) etc..
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s,(8,) =~ n(o, (1'H]. (4.2.4)
In order to implement diagnostic tests for misspecification,
one can also use the results of the conditional normal
distribution where the random variable s,(®) is conditional
on the realised value of s,(8) = c,. Using (4.2.1), the

following can be derived as:

-1

1
(s,]s,=c,) ~ n[I,,(I,,) 'c,, (I'H)7). (4.2.5)
Define the conditional score as the quantity:
* -1
s, = (s,]s,=c;) - I,,(I,;) 'c, (4.2.6)

where the second term on the right-hand side is the
"adjustment" whose effect may be interpreted as purging
S,(8) of the correlation with s,(8). The adjusted score s;
= s, if T,, = 0. The adjusted score may also be interpreted

as the residual from the regression of s, on s,.

The conditional separate score test of H  is based on the

quadratic form:
LM°(8) = s, '(8,) 1'(8,) s, (8,). (4.2.7)

The quadratic form (4.2.7) may be interpreted as a
conditional test generating equation, the value and the
properties of the test being dependent on the choice of the

estimator for the nuisance parameter 8,. Consider three
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possible choices. First, if 6, is estimated without
restrictions, then c, = 0 by the first-order condition of
maximising the likelihood function, namely 6L/é8, = 0.
Consequently, the conditional and unconditional scores will
be identical. If 8, or some component of it is restricted,
then, in general, c, does not equal 0, but is approximately
zero if the restriction is satisfied. Second, if the
previous alternative is computationally demanding but the
root-N consistent estimate of 8,, denoted by 8", is easy to
obtain, then the test statistic may be evaluated at that
point. The test will be asymptotically equivalent to the
first alternative and will not depend on the distribution of

ef‘l

The third alternative is relevant when the root-N consistent
estimate of 6, is also not available. Here (4.2.7) is
evaluated at the restricted maximum likelihood estimator,
where the restrictions comprise the auxiliary restrictions
in addition to the ones being tested. This test is only
valid under the joint null, however, in this case, the
separate tests will also be valid. Nevertheless, it is
cheap to compute this test along with the joint test, and it
has the merit of having been derived under a more general
alternative. Moreover, it includes the adjustment factor
for correlation between the scores, even though the

adjustment is done under the restricted joint null. Unlike
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the first two alternatives, the properties of this test will

depend on 86,.

The conditional score test of the null hypothesis based on

8" is defined by:
Me(8") = s, ' (8" 1''(8") s, (8"). (4.2.8)

The test defined by (4.2.8) is known as the Neyman C(a)
test.’ Traditionally the test has been motivated by
computational considerations since the root-N consistent
estimate of 6 under the null is often easier to obtain than
the maximum likelihood estimate required for the score test.

Hence, the test is sometimes dubbed the "pseudo-score test".

Another variant of the conditional score test, described

above, is derived as follows:

LM® (8) = sI'(é) 1118y s¥(8). (4.2.9)

To reiterate, this test is based on the restricted maximum
likelihood estimates derived under the joint null
hypothesis. The test is algebraically similar to the C(a)
test and has the same properties as IM°(8") under the joint

null. The use of this test is motivated by the fact that

“ The C(a) test is discussed in the statistical literature by

Neyman (1959) and Moran (1970). For references in the
econometrics literature see Breusch and Pagan (1980), Engle
(1984), Holly (1987), and more recently Wooldridge (1989a).
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some nulisance parameters may not be easy to estimate using
maximum likelihood methods. Hence, these parameters are
restricted to some hypothesised value using auxiliary
restrictions. However, even though the nuisance parameters
are restricted, the correlation of the score corresponding
to the nuisance parameter with the relevant score of the
parameter that is being tested is allowed for. These
ajusted score tests, therefore, are expected to outperform
the standard separate score tests when the auxiliary

restrictions are not valid in a given model.
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4.3 Joint Tests of Hetercgeneity and Duration Dependence

The problem of distinguishing between genuine duration
dependence and the spurious duration dependence induced by
neglected heterogeneity is discussed in Salant (1977),
Lancaster (1979) etc.’” Even if every individual case in the
sample has constant hazard, implying no duration dependence,
neglected heterogeneity induces the appearance of a
declining hazard rate. This problem of identification
results in distortions of the standard separate tests. It
can be seen in Jensen's (1987) Monte Carlo evidence that
positive duration dependence is negated by the spurious
negative duration dependence due to neglected heterogeneity.
As a result, the standard separate tests pick up no
misspecification even though both sources of
misspecification exist. Moreover, a test of duration
dependence is also sensitive to any evidence of neglected
heterogeneity and vice-versa. Based on the outcome of this
test, one may generalise the model to incorporate duration
dependence when, in reality, the problem is of neglected

heterogeneity.

There exists a non-zero correlation between tests of
heterogeneity and duration dependence that results in
distortions in the standard separate score tests. In this

section, joint score tests based on a locally heterogeneous

> see chapter 2 and 3 for details.
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Weibull model that allows for both heterogeneity and
duration dependence are developed.® The analysis is further
extended to consider a more general heterogeneous
generalised gamma distribution. For both cases, an analysis
of the non-centrality parameter of the joint test is

provided.

4.3.1 Heterogeneous Weibull Model

Consider a locally heterogenecus Weibull model with

uncensored observations, whose joint likelihood is:

L = Zqu(a) + (a - 1)log(t) + log(u) - €
+ logf{l + g? (€ - ZE)E} (4.3.1)
2 .
M = exp(XB) = exp(B, + X,B,) and € = ut". (4.3.2)

Here X, is a (kxl) vector of exogenous variables, and
without loss of generality it is assumed that X = (1 X,)

and E(X,) = 0, implying that:

1 0
E(X) = [1 0,] and E(XX') = [o n] (4.3.3)

Also, € is a generalised error in the sense of Cox and Snell
and has a unit exponential distribution if the model is
correctly specified. The duration dependence parameter is

a; a < 1 implies negative duration dependence and a > 1

¢ see Jaggia and Trivedi (1989).
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implies positive duration dependence. The heterogeneity
parameter is o0?; o* > 1 implies neglected heterogeneity in

the model.

The Joint Score Test

The joint test of no neglected heterogeneity and no duration

dependence constitutes the null hypothesis:
H,: 0?’=0 and a=1. (4.3.4)

Let 6 = (8,' 6,")' where:
8,' = (o a) and 8,' = (B, B,").
The elements of the score vector, s,(8)), evaluated under

the null hypothesis given by (4.3.4) are:

dL =1 T[(e? - 2€] = 5,(8,). (4.3.5)
do? |H, 2
dL = Z[1 + (l-€)log(t)] = s,,(8,). (4.3.6)
da (H,

Furthermore, the information matrix I(8,), evaluated under

(4.3.4), can be derived as:

2 (B~¢(2)-1) -1 0
* I,,(8,) @(2)-8, -B,'q
I(e,) = N (4.3.7)
* * 1 0
* * * 0

where:
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T,,(8,) = 1 + @'(2) + (¢(2))* + B + B,'mB, - 2¢(2)B,
and ¢(r) = dlog I'{(r) is the digamma function and
dr

¢'(r) = d?’log IP({r) is the trigamma function.
dr?

The joint score test statistic for heterogeneity and

duration dependence is:

m

LM, = s,'(8,) 17(8,) 5,(8,)
where, using (4.3.7):
] O11 92 1 -1
(1" = - N

021 92 -1 @' (1)

Therefore,

11 i @' (1) 1

1(8,) = (¢'(1) - 1)

N 1 1

(4.3

.8)

(4.3.9)

Observe that the matrix in (4.3.9) does not depend upon any

unknown parameters.

Non-Centrality Parameter

The fact that spurious duration dependence cancels out

genuine duration dependence, has an effect on the power of

the joint test. Using (4.3.4), the null hypothesis is:
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H: 6, = 8, , where:

61=[o’:’,ande1o=[0:|
a 1

Let the sequence of alternative hypotheses be given by:

-172 -
H,: 6, + N §, where 6§ = [:21:J (3.10)
2

Then, asymptotically, LM,,, based on a heterogeneous Weibull
distribution, 1is distributed as X1(2,7)7, where the non-

centrality parameter 71 is:

r =1 §'(1') s (4.3.11)
N

which, after incorporating (4.3.8) is:

= 8,7 - 26,6, + 529" (1). (4.3.12)
It is also noted that:
7(a = 1) = N(0?)° and (4.3.13)

r(c? = 0) = N{(a - 1)%'(1). (4.3.14)

Looking at the negative middle term in (4.3.12), it can be
seen that certain configurations of values of o’ and a will

make the non-centrality parameter small, thus indicating

" see Cox and Hinkley (1974)
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reduced local power of the joint test. For both §, and 5,
positive, implying the presence of positive duration
dependence as well as neglected hetercgeneity in the data,

the power of the joint test will be reduced against local

alternatives. It is readily seen that the minimum value of
T:

min T = 1(8, = ,/@'(1)) = &7 (1 - 1/¢'(1)) (4.3.15)
(6,>0)

may still be high if §,” is large. On the other hand, when
a < 1, that is, there is negative duration dependence, the
power of the joint test is increased. Therefore, the co-
existence of positive duration dependence and neglected
heterogeneity poses a problem for the joint as well as the
standard separate tests since the power of the former is
reduced and the latter is invalidated. This problem may
lead the researcher to under-parametrise the model. The
presence of heterogeneity along with negative duration

dependence, however, enhances the power of the joint test.

4.3.2 Heterogeneous Generalised Gamma Distribution

The use of a Weibull distribution, to allow for duration
dependence, may not always be appropriate. When the
assumption of a constant hazard rate, implied by the
exponential distribution, is found to be incorrect, the
correct specification may still not be captured by a Weibull
model. The exponential assumption can be relaxed by
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selecting distributions like gamma, Weibull, lognormal etc.
Pereira (1978), using Cox's (1961, 1962) approach for
testing non-nested hypotheses, develops tests to
discriminate between log-normal, gamma, Weibull and
exponential models. This approach, however, becomes

intractable when heterogeneity is allowed for.

Another means of discriminating between the above-mentioned
parametric models is to use the encompassing approach. As
seen in Chapter 3, the generalised gamma distribution
encompasses all of the above mentioned distributions and
also accommodates non-monotonic hazards. Even though it is
difficult to estimate parameters of this distribution, it
can be used to derive score tests since only the null model

needs to be estimated to implement such tests.

Using the results and notation defined above and in Chapter
3, the log-likelihoocd function of a heterogeneous

generalised gamma distribution is:

L =3 Elog(u) + log(a) + (ak - 1)log(t) - ut® - log (I'(K)

+ log[l + (0*/2)( k(k-1) - 2kut® + (ut“)’)ﬂ (4.3.16)

The Joint Score Test

The joint test of neglected heterogeneity (o?=0) and

duration dependence (a=1 and k=1) implies the null
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hypothesis:

H: 0*=0, a=1 and k=1. (4.3.17)

The elements of the relevant score vector, s,(8,), are:

aL = 1 X[€* = 2e] = 5,,(8,). (4.3.18)
do? {H, 2

dL = Z(1 + (1l-€)log(t)] = s,,(8,). (4.3.19)
da |H,

dL = Z[log(e) = ¢(1l)] = s,5(8,). (4.3.20)
dk |H

Moreover, the information matrix, I(6,), evaluated under

the null hypothesis is:

[ B-#(2)-1 1/2 -1 o
* I,,(8,) B,—o(l)  @(2)-B, -8,'n
N| * * ' (1) -1 0 (4.3.21)
* > * 1 0
* * * * 0

where, as before:

I,(8,) = 1 + ¢'(2) + (¢(2))* + B + B '0B, - 2¢(2)B,.

The Joint Score test can be derived using the standard

result given by (4.2.3), namely:
LMy = 5,'(8,) I'(8,) 5,(8,)
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where:

1 -1 -1/2

(1'y' = N| -1 @' (1) 1 (4.3.22)

-1/2 1 ¢ (2) |

Non-Centrality Parameter

In order to derive the non-centrality parameter of the test
based on the generalised gamma distribution, let the

sequence of local alternatives be:

. -1/2 .
H,: 6, + N §, where:
o= 0 61
8, = |a =1 and § = 62
k =1 63

Then, asymptotically, IM,, is distributed as X’ (3,7), where

the non-centrality parameter 7 is:

T =1 6" (1) s

N

= 87 + 8,7¢' (1) 467 (¢'(1)-1) = 26,6, - 26,6, + 26,5,. (4.3.23)

The non-centrality parameter of the joint test of three
restrictions is at least as great as that of the test of two
restrictions. However, the asymptotic power of this test

may be smaller due to higher degrees of freedom.
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4.4 Adjusted S8core Tests for Duration Models

As mentioned earlier, the conditional (adjusted) score tests
are used to identify the exact source of misspecification.
Due to the existence of non-zero correlation between S,,(8)
and s,,(8), the separate tests proposed in the literature
are of little use. The adjusted score tests are founded on
the known distribution of one score conditional on the
realised value of the second score. This approach is
different from standard test procedures in which the value
of the second score is ignored. Thus, for example, consider
the distribution of s,,, conditional on the realised value
of s,,, say C;,. Using the results from Sections 4.2 and
4.3,

012 (012)2
(sylsy=cy) ~ n | — ¢y, 0y = —— (4.4.1)

22

The conditional test of heterogeneity:

M = I:sn(éo) - (945/95) c12(§o)]2

Oy = (03)° /0,

= [[sn(8) + (176" (1)) c,z(ci,):]2
. (4.4.2)

N(1 + 1/9'(1))

Similarly, the conditional duration dependence test is:
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[(502(8,) + (8, 7]" e

N(e'(1) - 1)

Relationship Between Adijusted and Standard Tests

By ignoring the correlation between s,,(6,) and s,,(8,),
separate test statistics, as used in the literature, can be

derived. The test of heterogeneity is:

M, = [5,(8,)1% = [s,(8,)1° (4.4.4)

o, N

which is similar to the test proposed by Lancaster (1983).

Analogously, a partial test of duration dependence is:

LM = [5,(8,)1° = [5),(8,)1° (4.4.5)

Ti2 Ne' (1)

which is the duration dependence test derived by Jensen
(1987). Both LM, and LM, are guite appropriate under the
joint null. The actual size will differ from the nominal
significance level if the covariance is non-zeroc. Block
diagonality of I''(8°) is a necessary and sufficient
condition for the joint test to be additive in LM, and LMf,
that is, for asymptotic zero correlation between LM, and

ILM,. However, I”(e } is evidently not block-diagonal. As
d [}

8 Bera and McKenzie (1986)
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seen 1in Chapter 3, tests which ignore this may be
misleading.9 The conditional tests based on the jointly
restricted maximum likelihood estimator are also appropriate
under the joint null. However, since they are adjusted for
possible correlation between s,,(8) and s,,(8), they may have
better performance under the alternative hypothesis.

Usually the joint presence of heterogeneity and duration
dependence cannot be a priori ruled out. Hence, the joint
score test has cbvious advantages over the standard and the
conditional separate tests whose nominal size and power will
be affected by the presence of the second (ignored)
complication and which can be misleading. On the other
hand, if the joint null is rejected, one may wish to test
the component hypotheses. The conditional score tests
suggested above may be more informative than the standard
tests in this regard. Further, for some parameter

configurations the joint test is likely to have low power.

Finally, the conditional heterogeneity test based on the
heterogeneous generalised gamma distribution, under the
joint null specified by (4.3.17) can similarly be derived.
Here the test will be based on the distribution of s,,
conditional on the realised value of s,, and s,;. Using

(4.3.22) the test can be easily implemented.

i see, also, Jaggia (1990) for an empirical illustration.
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4.5 OLS Based C(a) Test of Heterogeneity

The distribution of the conditional heterogeneity test
developed above, LM%, is independent of nuisance parameters
only under the joint null. This test may have better
properties for some parameter values than the standard
heterogeneity test, LM,. However, its distribution depends
upon unknown nuisance parameters if the auxiliary
assumptions regarding those parameters are not satisfied.
We desire a more generally valid and robust test whose
distribution does not depend upon any nuisance parameters.
The OLS based test suggested below is such a test and is
asymptotically equivalent to the test based on the maximum
likelihood estimates of the Weibull model. This test is
based on the root-N consistent estimates of the parameters
and not on the distribution of those estimators. The
resulting test is robust since the nuisance parameter of
duration dependence is estimated, though inefficiently,

instead of being restricted to an incorrect hypothesised

value.
Since 8' = (6,' 8,'), let 8, = 0* and 86,' = (a B, B,').
In order to base a test of H;: 8, = 0, root-N consistent

estimates of 8, are required. These estimates may be
obtained through an OLS regression as follows. If t has a

Weibull distribution, then using y = log(t) we can write:
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a a
= XI' + U
=T, + X,[;, +U (4.5.2)
where w has an extreme value distribution with E(w) = ¢(1) =
-.5772 and Var(w) = ¢'(1) = 1.6449, I' = B/a an U = w/a.
Hence,
a = sqrt[l.6449 / var(U)}]. (4.5.3)
B, = = al, - .5772. (4.5.4)
B, = - al,. (4.5.5)

1

As I' and Var(U) can be consistently estimated using ordinary
least squares, consistent estimates of all the parameters of

a Weibull model can be obtained.

To construct the C(a) test of heterogeneity, we use the

expression (4.2.8) given as:

LMe(e") = s,7' (8" I''(8") s, (8"
where s, = (s,|s,=c,) - I,,(I,,) 'c, and 8" is any root-N
consistent estimate of 8. Note that the score, éL/6§6d? is
taken conditional on the realised values of the scores
corresponding to all the parameters of the model. The test

can be implemented by substituting the following expressions

into (4.2.8):
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dL/d8 T(X(1-€))

c, = = (4.5.6)
dL/da Zly(l-€) + 1/a]
1I,, = [-1 0, -—(m+1l)/a]. (4.5.7)
N
1+m?*qg -mgB,"’ -amg
1(I,,)" = |-nmg8, n'+qB,8," agB,
N (4.5.8)
—-amg aqn,’ a’q
1" = N/(1-q). (4.5.9)
m=¢(2) - B;: qg=1/¢'(1);: € = pt°. (4.5.10)

Q

The computation of (4.2.8) 1is achieved by using consistent
least squares estimates in conjunction with expressions

defined in (4.5.6) to (4.5.9).

122



4.6 Monte Carlo Experiments

The Monte Carlo experiments are performed to compare the
performance of all the tests described in the last three
sections. The null hypothesis for all tests is that the
observations are drawn randomly from an exponential
distribution with no neglected heterogeneity. All tests
have been derived in the context of a locally heterogeneous
Welibull distribution. The performance of six test

statistics is compared. These tests are LM,, LM,, LM,

IMC(8), LMS(8) and LM (8"), all of which are based on the

theoretical information matrix. Note that both

Imﬁﬁé) and LMS(@) are evaluated at the restricted maximum
likelihood estimates derived under the joint null implied by
an exponential distribution. LMf(G"), on the other hand, is
the C(a) test that is based on the consistent estimates
obtained using least squares including the nuisance duration

dependence parameter.

4.6.1 Design of Sampling Experiments

The size and power properties of the six test statistics
mentioned above are evaluated on the basis of twelve
different data generating processes (models). Each
simulation experiment is based on 500 replications. The
parameters (B,, B,) are set at (5.0, 1.0). The variable X,
is taken as a random draw from a uniform [0,1] distribution
and is held fixed for all experiments. The heterogeneity
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term is denoted by V where log V is a random draw from a
normal, n(0,o0%) distribution implying multiplicative log-
normal heterogeneity. Once the draw corresponding to a
particular value of ¢! is made, the vector of the
heterogeneity term is held fixed, to be used with different
values of a and for al. replications. This method reduces
sample variability between replications and between

experiments.

Different combinations of a and 0! are used to generate the

twelve experiments shown in Table 1. Estimation under the
joint null (Model 1) is done using sample sizes, N = 50,
100, 200, and 500. Different sample sizes are chosen to

compare the asymptotic and finite sample distributions of
the test statistics when the null holds. To make a power
comparison, the sample size chosen under the alternative
hypotheses (Models 2-12) is 200. The data generation
process for Model 1 is exponential and for Mcdels 2-12 is
either Weibull (a # 1) or exponential (a = 1) with

heterocgeneity (o* > 0) or without heterogeneity (oc? = 0).

4.6 ults of Samplin xperiments

For the correctly specified Model 1, the match between the
theoretical asymptotic distribution and the actual results
is good (see Table 2). The C(a) test given by LM,°(8")

appears to have relatively thicker tails compared with the
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rest especially for N = 50 and 100. For LM, and LM, the
proportion of rejection of the null hypothesis is smaller
than the nominal level of the test, especially when the test
is performed at the 10 or 5 percent significance levels.
When the model is correctly specified, all tests perform

slightly better than the C(a) test.

Table 3 contains the results for Models 2, 3 and 4 which
incorporate duration dependence but not uncbserved
heterogeneity. The data generating process in Model 2 is
subject to negative duration dependence (a =0.75) and Models
3 and 4 are subject to positive duration dependence (a =
1.30 and 1.45). For Model 2 IM,, LM, and IM 4,6 all perform
extremely well. Thus, the essential misspecification
arising from negative duration dependence is diagnosed by
the separate and joint tests. However, LM, is unable to
distinguish between duration dependence and unobserved
heterogeneity. The implication of this result is that the
"heterogeneity tests" proposed in the literature are not
tests of heterogeneity alone when other sources of
misspecification are also present. Conditional score tests
are intended to overcome this problem. Therefore, ideally,
their rejection proportion should be close to the nominal

significance level of five percent (it is actually 39.6

percent for LM,?(@) and 79.4% for I_Mf(en)). For LMS(é)

rejection should be close to 100%, but it is actually 79.4%.
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However, as expected, the performance of all tests
considered other than the C(a) test is model dependent, as
the results of Models 3 and 4 illustrate. Here all
misspecification tests have high power and all conditional
score tests perform extremely well, correctly indicating the
nature of misspecification in a high proportion of cases.

Of course, the C(a) test based on the root-N consistent
estimates of the parameters including the nuisance parameter
should perform better than the tests based on the restricted

maximum likelihood estimator, and it does.

The results are less favorable to the adjusted score tests,
based on the restricted maximum likelihood estimates, when
Models 5 and 9 are considered. Here there is some

uncbserved heterogeneity but no duration dependence.

LMS(@) still has high power, but ngké),unfortunately,
incorrectly identifies duration dependence in 42.2% and
76.2% of the cases, reflecting correlation between the two

tests.

In Models 7, 8, 11 and 12, there is unobserved heterogeneity

and positive duration dependence. It is seen that the

0

separate heterogeneity test, LM, has rather low power.1 The

joint test, LM,, has relatively higher power which increases

" see Jensen (1987) for a similar result.
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with the magnitude of a. The conditional tests based on the
restricted maximum likelihood estimates also suffer a
reduction in power for Models 5 and 8 as compared with
Mcdels 9 and 12. By contrast, the C(a) test of
heterogeneity is very robust and has higher power in all
cases. For all values of a, the power of the tests
increases when the value of ¢? is raised from 0.6 to 0.8.
Nevertheless, it is somewhat problematic that there are
parameter configurations in which all score tests based on
the restricted maximum likelihood estimator have rather low

power.

An easily implementable variant of LM,“(8") which uses outer
product of the sample scores, rather than the theoretical
(expected) information matrix, to implement the test was
also investigated.” The results obtained were rather
disappointing. The experiments were repeated by increasing
the sample size to 1000. This change produced some
improvement in performance, but the test still had low
power, as compared to the one that is based on the

theoretical information matrix.

" Wooldridge (1989) discusses the easily implementable C(a)
version of the conditional moment restriction tests.
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4.7 Conclusion

In this chapter, conditional score tests are motivated and
developed in the context of duration models. These
conditional tests are shown to be useful alternatives to
separate and joint tests of heterogeneity and duration
dependence. A known limitation of a joint test is that if
the null hypothesis is rejected, one still needs information
from separate tests to indicate the nature of the required
respecification. The standard separate tests may be of
little help when they are correlated. Bera and Jarque
(1982) derive a joint test of different restrictions for a
classical linear regression model. They also suggest the
Multiple Comparison Procedure in order to identify different
sources of errors 1f the joint test results in the rejection
of the null hypothesis. Their procedure, however, is aided
by the additivity of their separate tests, implying that all
tests they derive are asymptotically independent under the
joint null. So, even when multiple misspecifications exist,
each separate test is somewhat informative in carrying out a

search for an appropriate model.

In the given context, the tests of heterogeneity and
duration dependence are shown to be correlated with each
other within a heterogeneocus Weibull model. However, even
though the conditional score tests, suggested in Section

4.4, are based on the restricted joint null, each score is
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purged of the correlation with the other relevant score.
Therefore, the conditional score tests derived this way may
contain more information regarding the specific source of
misspecification than the standard separate tests. These
conditional tests can be used to locate the exact source of

misspecification using the Multiple Comparison Procedure.'?

The second variant of the <conditional score tests (C(a)) is
especially useful when it is hard to obtain maximum
likelihood estimates of some nuisance parameters. Tests can
easily be implemented using any inefficient but consistent
estimates of the parameters rather than some hypothesised
values of the nuisance parameters which may be incorrect.
Based on the preliminary outcome of these tests, applied
researchers can determine if it is worthwhile to continue
and estimate the model with maximum likelihoocd methods which
ensure efficiency. This procedure can be extended to test
for heterogeneity in functional forms more general than the
Weibull distribution. Moreover, an analcgous technique can
be used to test for duration dependence by using a
preliminary estimate of the heterocgeneity parameter from a
least squares regression. Note that this can be achieved

without parameterising the heterogeneity distribution.

? see Savin (1980,1984) for a survey of Multiple Comparison
Procedures.
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TABLE 4.

1

Parameter Combinations Used in Sampling Experiments

Percentage Rejections at a Significance Level

100«

Model o’ a Model gl a
1 0 1.0 7 0.6 1.30
2 0 0.75 8 0.6 1.45
3 0 1.30 9 0.8 1.0
4 ¢ 1.45 10 0.8 0.75
5 0.6 1.0 11 0.8 1.30
6 0.6 0.75 12 0.8 1.45

TABLE 4.2

for Mcdel 1

N = 50

10,

5, 1

6.0,2.2,1.4

12.2,5.6,1.2

6.8,3.4,1.0

5.0,3.2,1.0

8.8,4.2,2.0

11.2,8.4,6.6

N = 100

10,

5, 1

6.8,2.4,1.4

9.0,4.6,1.2

7.2,4.8,1.0

5.8,3.4,1.0

9.6,5.0,2.0

11.6,7.8,4.2

N = 200

5, 1

10,

7.2,3.8,1.0

9.4,5.0,2.6

8.2,4.4,1.2

7.2,3.0,1.2

9.2,4.2,1.8

9.0,7.0,4.0

N = 500

10,

5, 1

9.0,3.0,1.4

9.6,4.4,1.6

8.0,3.4,0.8

B.2,2.6,1.2

9.4,5.2,1.2

8.8,5.7,3.4

130




TABLE 3
Percentage Rejections of H, at 5% Significance Level

For Models 2-4, N=200

(o = 0)
Model # 2 3 4
a = 0.75 1.30 1.45
97.4 95.0 100
99.8 99.6 100
99.8 98.2 100
(8) 39.6 0.0 0.0
LM, (8) 79.4 88.8 100
M (e") 8.6 8.8 6.8
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TABLE 4.4
Percentage Rejections of H, at 5% Significance Level

For Models 5-8, N=200

(0 = 0.6)

Model # 5 6 7 8
a = 1.0 0.75 1.30 1.45
99.8 100.0 31.0 12.0
99.8 100.0 5.4 62.2
99.6 100.0 45.6 77.6
LM () 81.6 96. 2 52.2 36.2
(8) 42.2 81.0 46.6 87.8
LM (8" 74.8 73.8 78.4 78.8
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TABLE 4.5

Percentage Rejections of H, at 5% Significance Level

M (")

For Models 9-12, N=200
(c* = 0.8)
Model # 9 10 11 12
a = 1.0 0.75 1.30 1.45
100.0 100.0 81.4 47.4
100.0 100.0 36.6 15.2
100.0 100.0 84.8 83.6
97.8 99.6 87.6 77.8
76.2 93.0 74.2 87.2
93.6 94.2 92.8 93.6
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CHAPTER 5

TESB8TB8 FOR UNOBSBERVED HETEROGENEITY IN THE PRESENCE

OF CENSORED OBSERVATIONS

5.1 Intrecduction

A peculiar feature of duration models is that data on
durations are seldom complete. It is common for some
observations to be censored, typically right censored.
Information from the censored observations can be extracted
for estimation using standard maximum likelihood
techniques.1 However, the effect of censored data on the
performance of diagnostic tests is not very clear. Even
though regression models with censored data may be
especially sensitive to specification errors,2 little 1is
known about the effectiveness of the testing procedures in
the presence of various types and degrees of censoring. 1In
this chapter, the effect of various types of censoring on
different versions of the score test for neglected
heterogeneity is examined. A Monte Carlo analysis is made
of the consequences of various types of censoring on
different versions of the test for the Weibull and

exponential models.

! see, for example, Lawless (1982).

Horowitz and Neumann (1989), using Kennan's strike data,
show that the standard diagnostics may lead to erroneocus
conclusions, when data are censored.
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In order to implement a score test of heterogeneity, the
information matrix, under the null hypothesis, has to be
evaluated. The theoretical information matrix can be
computed when the data consist of complete cobservations.
With censored observations, such a matrix cannot be found
without additional information regarding the censoring
mechanism. It is common to have censored observations due
to finite observation periocds. Individuals are observed
over fixed time periods and some individual durations may
not have ended when the finite observation period ends. Any
indidvidual duration will be known exactly only if it is
less than some pre-specified value. This observation
process results in what is known as Type-1 censored data.
In this chapter, a test for heterogeneity that is based on
the theoretical information matrix is derived for Type-1
censored data. For the Weibull model, the above test

involves evaluating scme expressions numerically.

Sometimes data are censored for reasons other than finite
observation periods. One may just lose an observation after
observing it to a particular point resulting in data that
are not Type-1 censored. The information matrix with these
censored data cannot be determined without making further
papametric restrictions on the censoring mechanism. When
observations are censored randomly, involving no length

biased censoring, a method is suggested where only the
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uncensored observations are used to implement the test of
heterogeneity. This method consists of estimating the
parameters of the model using all observations. These
consistent and efficient estimates are then used to evaluate

scores consisting only of complete observations.

Alternatively, heterogeneity tests can be based on the
observed information matrix. Efron and Hinkley (1978),
generally, recommend the use of the observed information
matrix to implement specification tests as it is closer to
the data than the corresponding, expected (theoretical),
information matrix. Two obvious candidates for this matrix
are the sample hessian of the log-likelihood function and
the outer product of the sample scores. In this chapter it
is found that in finite samples, the performance of tests
based on the observed information matrix is case sensitive.
The information matrix based on the sample hessian is not
always positive definite, implying that the test is
sometimes meaningless owing to sampling fluctuations. The
following Monte Carlo analyses reflect this problem for some
experiments. Tests based on the outer product of the sample
scores are easy to implement but the nominal size of these
tests is different from the actual size. For some data
generating processes, the number of times the test is

rejected under the null is found to be more than the chosen
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significance level.? Finally, Monte Carlo analyses are also
used to study the performance of the test based on Kiefer's

method for approximating the information matrix.

The rest of the chapter is organised as follows. In Section
5.2, different approximations of the density functions that
can be used to implement the score test of heterogeneity are
specified. 1In Section 5.3, the test is derived that is
based on the uncensored data. Different versions of the
test are given, depending on the choice of estimate for the
information matrix. The test statistics, based on the
theoretical information matrix, for all approximations of
the density function given in Section %.2, are shown to be
algebraically equivalent. Section 5.4 contains a discussion
of different ways of implementing the test when some
observations are censored. A distinction is made between
Type—~1 censored data and totally uninformative and randomly
censored data. For each type of data, tests are derived
that are based on the theoretical information matrix. Monte
Carlo analyses of all versions of the test, including the
ones based on the observed information matrix, are presented

in Section 5.5. Section 5.6 contains the conclusion.

3 The size problem of tests based on the outer product of the

sample scores 1s alsc reported by Davidson and MacKinnon
(1983) in thelir Monte-Carlo analysis with linear regression
models.
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5.2 Background

Typically, in duration models, the data available to an
econometrician are on the variables t, , X. , and C,,

1

where i1 = 1..... N. C, is an indicator variable, such that:

c. = 0 if a spell is right censored.

{:1 if a spell is complete

t, = min(T,, L) and C, = 1 if T, < L,. (5.2.1)

1 1 1

The T,'s are the actual durations and the L.'s are the
censoring times that may not be available for all
individuals in the sample. The joint probability density

function of (t,C), given X, is:
- c t-C
f(t,Cc) = £(t)° s(L) (5.2.2)

where f(t) 1s the density function and S(t) is the survivor
function of T. Given the assumption that the observations
on the pairs (t,,C;) are independent, the log likelihood

function is:

1

o
I
=

(C; log £(t;:X;) + (1 - C;) log S(t;:X;)]. (5.2.3)

Once the density and survivor functions of any parametric

model are specified, the likelihood function can easily be
maximised using standard techniques. The density function
of a Weibull model, conditional on regressors, is given by
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f(t|x) = patr1exp(-ut“) where u = exp(XB). If neglected
heterogeneity is suspected in the sample, it can be
represented by writing u = exp(XB8 + U) = Vexp(XB) where V =
exp(U) is the heterogeneity term. As V (or U} is not
observable, the density of a duration conditional only on X
is taken as: f(t|X) = E,[f(t]|X,V)] where the expectation is

taken with respect to the distribution of V (or U).

Following Lancaster (1985), a Taylor series expansion of the
conditional duration distribution, f(t|X,V), around the unit
mean of the heterogeneity term, V, can be used to derive the
following:*

f(t|X) = [pat®'exp(-€)] [1 + 0° (€2 - 2€)] (5.2.4)

2
where o? is the variance of V and € = ut® is the integrated
hazard function that is a generalised error in the sense of

Cox and Snell (1968).

Kiefer (1984) and Burdett et al (1985) derive a similar
expression using a Taylor Series expansion around the zero
mean of the heterogeneity term U.” The corresponding

density function is approximated as:

‘ see Chapter 2 for details

° Note that assuming E(U) = 0 is not equivalent to assuming

E(V) = 1.
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£(t|X) = [pat®'exp(-€)] [1 + g (1 - 3€ + €?)] (5.2.5)
2

where o* is the variance of U.

Another approximation of the density function, given by
Kiefer (1985) and Sharma (198%), is based on the Laguerre

alternatives. Here the density function is specified as:
f(t|X) = [pat®'exp(-€)] {1 + E § L (€)]. (5.2.6)

L;(€) is the j'th Laguerre polynomial in €(t) where, for all

j, k=0, 1, 2 ....etc.,

J" Li(e(t)) Ly(e(t)) £(t|X) dt = |0 if j # k (5.2.7)
1 if j = k

The family of alternatives considered here is sufficiently
flexible and has power against many alternative models.®
Testing for a Weibull specification reduces to testing for
§; = 0, for all j. sSharma (1989) points out that testing

for §, = 0 can be interpreted as a test for heterogeneity.

For the sake of exposition, the likelihood function using
(5.2.3), with the density function approximation given by

(5.2.4), can be written as:

¢ see Kiefer (1985) or Sharma (1989) for details on Laguerre

approximations for the exponential and Weibull models
respectively.
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L =2 [:C[ln a + (a-1)In(t) + 1n 4 + 1ln (1 + g {(€* - 2€}))]
2

- € + (1-C) 1n(1 + a’e’):] (5.2.8)
2

where C is an indicator variable (defined above) that equals
1 if a duration is complete and zero if it 1is right
censored. The test of heterogeneity comprises the following

null hypothesis:
H: o'=0. (5.2.9)

o

Let & = (©,' 6,')' where:

8,' = o and 6,' = (B, B,' a).

Under the standard reqularity conditions,’

N2 [:51592:} ~ n[o, 1 I(8)) (5.2.10)
S5 2] N

where I(8) = -E[d*L / de6de'] denote the theoretical

information matrix, partitioned conformably as:

I(8) = | I, I,, (5.2.11)
121 I22

" see Breusch and Pagan (1980), Engle (1982, 1984), Bera and
McKenzie (1986) and Godfrey (1988) etc.
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Let s(8,) and I(8,) denote the score vector and the
information matrix respectively, evaluated under the null
hypothesis. The score, s,(8,)) , computed for the above
hypothesis is:

do* |H

Q

§L = 1 (€' - 2Ce) = s,(9,). (5.2.12)
2

Similarly, the score derived from the density given by
(5.2.5) is:

SL = 1 Z(€* - 2Ce + C - €). (5.2.13)
éc?* |H 2

o]

Also, the score w.r.t §,, using the Laguerre polynomial

approximation given by (5.2.6), can be shown to be:

SL = 1 Z(€? - 2Ce + 2C ~ 2¢). (5.2.14)
§6,|H, 2
The last two expressions, (5.2.13) and (5.2.14), are

identical to the corresponding expressions derived by Kiefer
(1985) and Sharma (1989) but are written in a much simpler
form. The form derived here avoids unnecessary expressions
involving incomplete gamma functions. Moreover, in order to
maximise the likelihood function, 6L/é6B, is set equal to

zero. This implies that at the maximum likelihood

estimates, Z(C - E) = 0. Therefore, the sample scores,
(5.2.12) - (5.2.14), are identical even though they are

derived under three different approximations.
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The score test of hetercgeneity 1is given by:

IM = s,'(6,)1'(6,)s,(8,) (5.2.15)

where (~) denotes that the guantities have been evaluated at

the restricted maximum likelihood estimates of the parameter

vector, ©, and I' = [I,, - I,,(I,,) 'I,,]1' is the partitioned
inverse of I(®). 1In order to implement the score test, I
has to be evaluated. This partitioned inverse can easily be

obtained once the informaticn matrix, I(8,), is estimated.®

8 see Bera and McKenzie (1986) for a discussion of alternative

ways of estimating the information matrix.
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5.3 Test of Hetercgeneity With Uncensored Observations

When all the observations in the sample are complete, the
theoretical information matrix can be used to implement the

test. For a Weibull model (see Chapter 3),

1+m? g -mB,'q —amg
N(I,,) ' = * n'+B,8,'g aB,q (5.3.1)
* * alq

where * are deduced by symmetry, m = ¢(2)-8,, 9 = 1/¢'(1)
and N is the sample size. ¢(.) and ¢'(.) are the digamma

and trigamma functions respectively.

The other elements of the information matrix depend on the

choice of the approximation used to specify the likelihood

function. For instance, when the likelihood function is
based on (5.2.4), the elements can be derived as:
%” = 2 and %” = [-1 0 -(1/a) (m+1)]. (5.3.2)

With (5.2.5), they are:

5/4 and I1,, = [-1/2 ) -(1/2a) (m+2) ]. (5.3.3)
N

If (5.2.6) is used, they are (see Sharma (1989)):

i,y =1 and I, = [0 0 -l/a]. (5.3.4)
N N
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As shown 1in Section 2, even though the three tests are based
on different approximations, s,(8,) derived from the three
methods is identical. Also, even though the components of
the three information matrices are different, the
partitioned inverse, I”, derived from all three
approximations is identical and is equal to l/N(l—q).9 For
the exponential model 1" equals 1/N. Lancaster (1985) uses
this expression to derive a test of heterogeneity. Such a

test can easily be implemented when there are no censored

observations in the given sample.

An interesting observation regarding the heterogeneity test
for the exponential and Weibull specifications concerns the
non-centrality parameter of the test. Given H;: 0?=0, let
the sequence of alternative hypotheses be given by H,: o =
r/ N. Then, asymptotically, the test for heterogeneity is
distributed as X‘(l,n)w, where the non-centrality parameter
n = (1/N)T’/I”. Therefore, the non-centrality parameter
for an exponential specification is r? and for a Weibull
specification it is (l1-gq)r? = .397?. Thus, for given sample
size and departure from the null, the power of the
heterogeneity test for an exponential specification is

greater than that of a Weibull.

4 Godfrey (1988) refers to the models based on such

alternative approximations as locally equivalent alternatives
(LEAs) with respect to the null hypothesis.

% see cox and Hinkley (1974) and Chapter 4 of this thesis.
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Burdett et al. (1985), following the test proposed by Kiefer
(1984,1985), use sample information to calculate the
variance of the s,(8). For example, let the mean score

(1/N) (dL/doc? ), evaluated at o0‘=0, be S = (1/N) Zs;. The
suggested variance of the mean score is (1/N?) Z(s,-s )’
where s is the sample mean of s. As the information
matrix, using a Weibull specification, is not block
diagonal, the covariance between the elements of the score
vector, dL/do? and dL/d® is ignored where 6 = (a $')°'.
Therefore, the proposed variance of the test statistic is
over-estimated and results in the under-rejection of the
null hypothesis of no heterogeneity. Kiefer's (1985) claim
that such a testing procedure is conservative, in the sense
that it leads to too many rejections, cannot be true.
Moreover, Kiefer recommends that a one-tailed test be used
as it is based on testing for ¢?=0 against ¢?>0. This
customized one-tailed test of heterogeneity can be justified
when the sole possible source of misspecification is
neglected heterogeneity, which in any given data may not be

"' The test should be considered a general

true.
misspecification test rather than being directed at testing

for heterogeneity per se, hence, a two-tailed test should be

" see Jaggia and Trivedi (1989) and Jaggia (1990).
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1
used.2

Furthermore, the performance of the Kiefer-type test is
affected by the choice of the approximation of the
likelihood function. As the correlation between the scores
is ignored in his estimation of the variance, the test based
on some approximations will be affected less than the others
depending on the correlation of s,(8) with s,(8). In
particular, from (5.3.4), it is seen that there is no
correlation between s, and s, when the test for an
exponential specification is based on the Laguerre
polynomial approximation, and thus Kiefer's test is
justified.13 This, however, is not true when the same
appreoach is used for the Kiefer's Taylor series expansion,
as seen from (5.3.3). Thus, Kiefer's test, (Kiefer (1984),
cannot be justified. Moreover, even if the information
matrix is block diagonal, the result is based on the
asymptotic distribution of the scores, which may not hold in
finite samples. For a Weibull model, information matrix is
not block-diagonal, even with the Laguerre polynomial

approximation of the likelihood function.

For a more satisfactory test, one has to allow for the

2 Jensen (1987) makes a similar comment regarding the use of

the one-tailed test in an exponential model.

13 Pagan and Vella (1989) and Sharma (1989) Jjustify the use of
Kiefer's procedure to test for an exponential specification.
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possible correlation of s,(8) with s5,(8) even though the
sample information is used to derive the observed
information matrix. Using the Information Matrix equality,
one can use either the sample hessian of the log-likelihood
function, Z(§'L /6868'), or simply the outer product of the
sample sccres, D'D, as an estimate of I(8). Here D is a
(Nxk) matrix whose typical (i,j)th element is dL,/de;,, where
(i=1,2...N) and 6,....8, represent the k parameters of the
model estimated under the null. When D'D is used, the score
test can be easily implemented by running an artificial
regression of a vector of ones on D. The test statistic is
calculated as NR? where R! is the uncentred coefficient of
determination derived from this artificial regression. This
implementable score test is identical to the White's
information matrix test as suggested by Lancaster and
Chesher (1985). Even though this procedure has the merit of
being easy to implement, tests based on the outer product of
the sample scores approximation of the information matrix
are reported to have poor small sample properties (see

Davidson and MacKinnon (1983)).
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5.4 Test of Heterogeneity With Censored Observations

When the data consist of complete as well as censored
observations, the information matrix given above cannot be
used to implement the score test of heterogeneity. Let Hgg
= §2L/68608' represent the sample hessian of the log-
likelihood function. Consequently, I(€) is minus the
expected value of Hy,, where the expectation is taken with
respect to the joint distribution of t and C conditional on
the set of regressors X. Moreover, as C is a discrete
random variable that assumes only 2 values, 1 and 0, the

theoretical information matrix can be derived as:

-I(8) = E(Hg|C=1)P(C=1) + E(Hg|C=0)P(C=0) (5.4.1)
where E(Hg|C=1) = J He f(t]lC=1)dt and:
E(Hg|C=0) is simply H,, evaluated at C=0 and t=L.

In order to evaluate these expressions some additional
information regarding the censoring mechanism may be needed.
For instance, the conditional duration distribution,
f(t|c=1), can be specified only if some extra information on

the censoring mechanism is available.

5.4.1 When Data are Type-1 Censored

In practice, censored data commonly occur because of finite
observation periods. Some events of interest may not be

complete when the data acquisition period ends. In such
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situations, data are said to be Type-1 censored. An
individual duration is known only if it is less than some
pre-determined value. As t, = min(T,,L;), the actual
duration is observed only if T, < L; where the L;,'s are pre-
determined. Notice that L; does not have to be the same for
all individuals as all individual durations may not start on
the same date, even though they are all observed until a
common pre-determined date. 1In such a situation, L, will be
different for various individuals and hence, is random. If
the L,'s are known in advance for all individuals, the
information matrix, (5.4.1), needed for the heterogeneity
test, can be easily computed. The following result is used

to derive this information matrix:
E(HglC=1) = J‘ He f(t|C=1)at = J‘ Hy f(t[T<L)dt

L
! Hee £(t)dt.
P(T<L)
0
Also, P(C=0) = P(T>L) = 1-P(C=1l) = exp(-ul) for the
exponential model and exp{-ugL") for the Weibull model.
Notice that such a simplification may not be of much use if
censoring times, L's, are not available for all individuals.
This point has special relevance when data are not Type-1

censored and the L's corresponding to complete durations are

not available.
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For an exponential model, the partitioned inverse component

needed to compute the test is (see Appendix 5a):

"

IV = (8, - (8,07 /685) . (5.4.2)
where, using s = ulL, the following are derived as:

6,y = Z[2 - exp(-s) (s?+2s+2)],

$,, = Z[ (exp(-s) (1+s) - 1] and

§,, = Z[l-exp(-s)].

Note that if the censoring times, L's, go to infinity,
implying no censoring, exp(-s) = 0. Hence, " = 1/N, as is
derived for the case of all complete observations. Also,
the information matrix is a function of the unknown
parameters along with the L's. Thus, the performance of the
test will also depend on the parameters of the model. This
is unlike the case in which the test is based on all

complete observations and the partioned inverse, calculated

from the information matrix, is free of unknown parameters.

Similarly, the information matrix for the Weibull model can
be derived in order to implement the score test for
neglected heterogeneity. However, some components of the
information matrix for the Weibull model involve incomplete
digamma and trigamma functions and have to be evaluated

numerically (see Appendix 5a).
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5.4.2 When Data are not Type-1 Censored

If censoring is not of Type-1, the components of the
information matrix canncot be evaluated as above. In such a
situation, the observed information matrix, in principle,
can be taken to implement the test of heterocgeneity.
Alternatively, a test is suggested that uses the theoretical
informaticn matrix based on uncensored observations only.
All observations are used to find consistent and efficient
estimates of the parameters but these estimates are used to
evaluate scores comprising only complete observations. As
shown below, it 1is feasible to obtain a good estimate of the
theoretical information matrix corresponding to complete

observations only.

Furthermore, since parameter estimates are derived from
censored data, the following correction has to be made
because sample scores from purely complete observations may
not be zero. For notational convenience, let L represent
the log-likelihood function derived from complete as well as
censored observations and L° indicate the function based on
complete observations only. Also, let the notation (-~)
denote maximum-likelihood estimates derived from all
observations that are obtained by maximising L. Therefore,

for the likelihood function based only on complete

observations, s,(8) = 61f/682H%=§2 may not equal zero. The

standard normality results of s,(8)) = 6L/68,|8=6°, given by
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{(5.2.10), hold even when dL/d&, is evaluated at
8, where s,(8) = 6L/68, is set equal to zero to get 8. Once

s,(8) is evaluated, with s,(8) = 0, the results of (5.2.10)

can be used to compute the score test. However, as

6If/662|9=5 may not equal zero, the standard normality
result of 6If/691|9=6O cannot be used directly. One way to
deal with the problem is to use L° for estimation as well as
testing. The relevant score, 6LF/681, can be evaluated at 6°
where §L°/8, is set equal to zero to get 8°. One can discard
all censored observations and treat the set of remaining
observations as the relevant sample. This approach will not
only result in inefficient estimates with which to evaluate
the relevant scores, it will also introduce a sample

selection bias that may lead to inconsistent estimates.

If all observations are to be used for estimation,
§L°/86,]6=6° can be approximated, that corrects for the

sample value of s,(6) being non-zero at the estimated ©.

Expanding §L°/é6.|6=8 around dL‘/6,|6=6°, using the Taylor
1 1

14

Series expansion, one gets:

c

s1.°/60|8 = 8§1.°/60]|0=0%+ §:1/6060' (6 - 6%).

1 Engle (1984) uses a Taylor's series expansion to exposit

Neyman's (1959) C-alpha test. See also Chapter 4 of this
thesis for a general discussion of the C-alpha type tests.

153



Using the fact that e = 6, = @, and §L°/§6,|8,=8; = 0, the

o

following can be derived:

C _ = _ = =, .1

52(5). (5.4.3)
Using the above, the suggested test statistic is computed

as:

3 c ] .11.=. [T ,.c
M, = El(eﬂ I1-7(8) El(e ﬂ (5.4.4)

The test specified above is algebraically identical to
Neyman's (1959) C-alpha test even though the motivation for
this test is quite different. The C-alpha test is used when
it is computationally difficult to estimate the model using
maximum likelihood methods. Here, the use of maximum
likelihood estimates is stressed in order to obtain
consistent and efficient estimates for the evaluation of the
scores derived from complete observations. 1In both cases,
however, the correction is made because s,(8) is not

constrained to be equal to zero at the estimated 6.

In order to implement the above mentioned adjusted test, the
components of the information matrix have to evaluated. 1If
the censored observations are such that they could have been
censored randomly at any point during their potential

duration, the information matrix can be found by ignoring
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the fact that only complete observations are being
considered. 1In order to derive the theoretical information
matrix one has to compute the expectation of Hgg Where the
expectation is taken with respect to the joint distribution
of T and C. Here, it is assumed that the random variable C
contains no information regarding the parameters of the
model and thus can be thought of as being independent of T.
Therefore, the information matrix with complete observations
can be evaluated as E,(Hg) P(C=1). The first component is
evaluated with respect to the marginal distribution of T and
P(C=1) is estimated using the proportion of complete
observations in the sample. If longer durations have a
higher probability of being censored than shorter ones, then
such an approach cannot be justified. For example, with
Type-1 censored data, the fact that an observation is
complete implies that it is smaller than the length of the
observation period. 1In such a situation one cannot assume

that the distribution of T is independent of C.

To implement the above adjusted score test of heterogeneity,

the information matrix for an exponential model is:

I,y = 2Np, I,, = [-Np 0] and:
Np o]

I =
0] Npfl
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where p 1s the sample proportion of complete observations.

Using (5.4.4), the adjusted score test can be computed as:

- = ~ 2
M = _1 [sl(e) + 521(9)] (5.4.5)
Np
where s,, = L[1 - ut] is the sample score w.r.t. the

intercept term, 8.

Similarly, the heterogeneity test for the Weibull model is:

B _ _ o _ 2
My = ﬁN_p (:sl(e) - 1,,(8) (1,,(8)) 152(9)] (5.4.6)
where I.IZ(IZZ)'1 = [mg-1 -B,q -aq)] and:

— _ —
(»51,/5130T Z[1 - wut™)
s,(6°) = L/ &8, = (1 - wuth)X)
S§L/6a L[1/a + (1 - ut“)log(t)L

156



5.5 Monte Carlo Experiments

The Monte Carlo experiments presented below are used to
compare the performance of the various versions of a test
for hetercgeneity described above for different types of
censoring. These tests are compared using exponential and
Weibull models. Two sets of experiments are conducted.
Firstly, random and uninformative censoring, where C is
independent of T, is considered. The performance of five
test statistics is compared. The adjusted test, LM,, is
based on complete observations when all observations are
used for estimation. The second and third tests are based
on the observed information matrix. LM, is based on the
outer product of the sample scores and LM, is based on the
sample hessian of the log-likelihood function. The fourth
test statistic, LM,,, is Kiefer's test, based on the density
approximation given in (5.2.5), and is cne-tailed as
suggested by Kiefer. The fifth statistic, LM,,, is the same

as LM,, differing only in that a two tailed test is

implemented.

In the second set of experiments, Type-1 censored data are
considered. Both fixed and random censoring times are
studied. Random censoring refers to a situation where each
individual observation is associated with a different but
pre-determined censoring time, L,. For the exponential

model, LM, is a test based on the theoretical information

t

157



matrix. This test is not implemented for the Weibull! model
where it involves evaluating incomplete digamma and trigamma
functions numerically. Further, performance of tests based
on the observed information matrix, including Kiefer's test,

are examined for both models.

5.5.1 Design of Sampling Experiments

The size and power properties of the test statistics,
mentioned above, are evaluated on the basis of different
data generating processes. The heterogeneity term is
multiplicative, and is log-normal. A random draw from the
N(0,0?) distribution is made for the 'U' representation of
the heterogeneity term. Once a draw corresponding to a
particular value of ¢‘ is made, the vector of the
heterogeneity term is held fixed for all replications and
types of censoring. This practice reduces sample
variability between replications and between experiments.
Throughout the simulation experiments, the sample size taken
is 200. The parameters (8,, 83,) are set at (-5.0, 1.0).
The variable X, is taken as a random draw from a uniform

(0,1] distribution and is held fixed for all experiments.

5.5.2 Experiment 1

In the first set of experiments, the censoring mechanism is
assumed to be completely non-informative. To incorporate

heterogeneity, the value of ¢! is taken as 0.6 for the
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exponential model and 0.8 for the Weibull model. To
generate censored data in this set of experiments, the pre-
selected observations on durations are multiplied by a
vector drawn from a uniformly distributed random variable
between [0,1]. This process of generating censored
observations implies that censoring could have occurred at
any point during the duration of a spell. For example, if
the value of a uniformly distributed variable is 1/2, it
implies that duration is censored at exactly half of its
actual potential value. The tests are performed at 0%, 20%
and 40% censoring denoting no, moderate and heavy censoring
respectively. For both sets of experiments, tests are
replicated three hundred times. To evaluate the size of the
tests, allowance has to be made for the Monte Carlo error.
For the 300 replications, the standard error of the 5% level
of significance is 0.0126. Therefore, a 95 percent
confidence interval around a 5% level of significance would

range between 0.025 and 0.075."

Results of Experiment 1

The percentage rejections of the null hypothesis at a 5%
nominal level of significance for the exponential model are
presented in Tables 5.1 and 5.2. Table 5.1 contains results

of the tests when the data generating process conforms to

" The confidence interval is constructed using the normal
approximation of the binomial distribution.
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the null hypothesis. Table 5.2 compares the power when there
is heterogeneity in the sample. Analogously, Tables 5.3 and
5.4 are used to compare the size and power of the tests

respectively, for the Weibull model.

From Table 5.1 and Table 5.3, it is seen that the adjusted
score test, LM, , has good size properties. The observed
number of rejections fall in the above mentioned confidence
interval for all degrees of censoring for both exponential
and Weibull models. For LM,, the proportion of rejections
under the null are more than the nominal level. The
performance of this test gets worse as the proportion of
censored observations increases. The performance of the
test based on the sample hessian, LM,, cannot be evaluated
accurately as it is found that the estimated information
matrix is not always non-negative definite. Kiefer's test
under-rejects using a one-tailed test, and over-rejects when
a two-tailed test is used for the exponential model. When
the underlying model is Weibull, Kiefer's test grossly
under-rejects. As mentioned earlier, because the
correlation of s,(@) with s,(8) is totally ignored, the
variance of s,(8) is overestimated resulting in under-

rejection, especially in Weibull models.

From Tables 5.2 and 5.4 we see that the tests based on the

observed information matrix are not as powerful as the LNM,.
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Even though we drop some observations to implement this
test, the effect of reducing the non-centrality parameter of
the test, due to reduction in sample size, is less severe
than the effect of inaccurately estimating the information
matrix. The number of rejections of LM, may seem comparable
to that of LM,, but a comparison of the power of the two
tests cannot be made as the size of the tests is different.
On a size-corrected basis, the power of LM  would be less

than that of LM, .

5.5.3 Experiment 2

In the second set of experiments, Type-1 censored data are
generated. To artificially create Type-1 censored data, t =
min(T,L) is taken, where t is the ocbserved duration.
Different values for the predetermined L's are used to allow
for various degrees of censoring. For the exponential
model, the values taken for the fixed censoring times are
100 and 150 respectively. With the given parameter values
in this Monte cCarlo set up, about 20 and 35 percent
censoring is generated under the null. To allow for random
censoring times, L = 120 + 20R is used where R is uniformly
distributed on [0,1]. This method results in about 25
percent censored observations under the null. When
heterogeneity is introduced to the sample, the number of
censored observations increases by about 5 percent. The

value of 0! is still set at 0.6 for the exponential model.
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The performance of the tests IM, LM, LM, and LM, and 1LM,,
which is based on the theoretical information matrix, is
compared. For the Weibull model the two fixed values used
for L are 12 and 10 which generate about 25 and 35 censored
observations respectively. For random censoring times, L =
10 + 2R is implemented. As with the exponential model, the
number of censored observations increase by about 5 percent
when heterogeneity is introduced. The value for the

heterogeneity variance, o?, is 2.0.

Results of Experiment 2

The tests with Type-1 censored data are also replicated
three hundred times. For the exponential model, the number
of rejections of all test statistics falls within the
confidence interval, constructed above, for all degrees of
Type-1 censored data (Table 5.5). From Table 5.6, it is
found that all tests seem to have comparable power though
the tests based on the observed information matrix
outperform the ones based on the theoretical information
matrix for many experiments. However, the number of
rejections, for a given value of 0! = .6, are a great deal
less than the case when there are no censored observations
(Table 5.1). This decrease in power can be explained by the
non-centrality parameter of the test statistic. When all
observations are complete, I,, = N and is independent of any

nuisance parameter. For local departures from the null
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hypothesis, 9? = 1/ N, the non-centrality parameter of the
test is equal to r?. This, however, is not the case when
there is Type-1 censored data. From (5.4.2), I,, = [&y, -
(64,0 /65,1 which depends on the parameters and censoring
times, L. For the given parameter value of B = [-5,1)}"',
evaluated at the mean X, along with L = 100, the non-
centrality parameter is .0671°. This value is much smaller
than the one derived when all observations are complete for
a given sample size and departure from the null. Therefore,
the power of the tests is affected by the length of the data
acquisition period and becomes smaller as the period is
reduced. Moreover, since the power of the tests also
depends on the choice of parameter values, a more
comprehensive monte-carloec analysis is desired.

For the Weibull model, LM, is not computed as it requires

t
numerical evaluation of incomplete digamma and trigamma
functions. From Table 5.7 and 5.8, it 1is seen that the size
of IM, and 1M, is within the confidence limits mentioned
above. However, the test is almost never rejected with LM, ,
and LM,, as in the case with random censoring seen above.
When there is heterogeneity in the data, the sample hessian
used to estimate the information matrix is not constrained

to be positive definite. Thus, the resulting test statistic

becomes meaningless sometimes owing to sampling
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fluctuations.'® In this Monte Carlo simulation, the 1"
element is negative for many replications where there is
heterogeneity in the data making LM, negative. This
phenomenon results in a spuriously low number of rejections
as LM, has to be significantly high to result in the
rejection of the test. The power of LM, is reasonable
considering the fact that there is Type-1 censored data. As
in the exponential model, the non-centrality parameter of
the test is reduced when data are Type-1 censored thus

resulting in a decrease of power of the test.

' A classic example of such a phenomenon is Durbin's h test
(see Godfrey (1988)).
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5.6 Conclusion

In this chapter, various versions of the test for neglected
heterogeneity are developed for censored data and are
analysed using Monte Carlo experiments. Different versions
of the test basically depend on the choice of estimate for
the information matrix. When the data are Type-1 censored,
tests based on the theoretical information matrix are
developed. This method is an extension of Lancaster's
(1985) tests based on complete observations. Tests based on
the outer product of the sample scores perform well with
Type-1 censored data. These tests actually outperform the
ones based on the theoretical information matrix for some

experiments.

When censoring is totally random and uninformative, as with
the cases considered in this chapter, the tests based on the
outer product of the sample scores do neot perform well. The
nominal significance of these is found to be greater than
the real level, especially when the number of censored
observations is large. An adjusted score testing procedure
that does not suffer from this limitation and performs well
for all degrees of censoring is suggested. This test is
only based on the complete observations in the sample even
though all observations are used to estimate the parameters

of the model.
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The Monte Carlo experiments show that tests based on the
sample hessian of the log-likelihcod function are not very
useful. Since the estimated information matrix is not
constrained to be positive definite it is quite frequently
non-positive definite, a result that renders tests
meaningless. Also, the performance of the Kiefer type test

is found to be especially poor for the Weibull model.

Finally, even though the focus of this chapter has been on
tests for neglected hetercgeneity, the resuits derived in
this chapter can be used gquite generally. These results can
be used to test for other types of misspecifications,

separately or jointly with the test of heterogeneity.
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TABLE 5.1

Percentage Rejections at 5% Level of Significance
For Exponential Models with no Heterogeneity

No Censoring

20% Censoring

40% Censoring

0.063333 0.030000 0.063333

0.143333 0.263333 0.390000

0.130000 0.216667 0.436667

0.006667 0.000000 0.003333

0.110000 0.250000 0.383333
TABLE 5.2

Percentage Rejections at 5% Level of Significance
For Exponential Models with Heterogeneity

No Censoring

20% Censoring

40% Censoring

1.000000 0.986667 0.983333
0.980000 0.933333 0.756667
0.506667 0.420000 0.323333
0.746667 0.630000 0.486667
0.516667 0.386667 0.236667
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TABLE 5.3

Percentage Rejections at 5% Level of Significance
For Weibull Models with no Heterogeneity

No Censoring

20% Censoring

40% Censoring

0.036667 0.073233 0.076666

0.093333 0.143333 0.160000

0.013333 0.026667 0.023333

0.0000600 0.000000 0.000000

0.000000 0.000000 0.000000
TABLE 5.4

Percentage Rejections at 5% Level of Significance
For Weibull Models with Heterogeneity

No Censoring

20% Censoring

40% Censoring

0.846667 0.836667 0.750000
0.843333 0.796667 0.733333
0.040000 ¢.060000 0.050000
0.000000 0.000000 0.000000
0.00C000 0.0000000 0.000000
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TABLE 5.5

Percentage Rejections at 5% Level of Significance
For Exponential Model with no Heterogeneity

k1

k2

K1

k2

L = 150 L =100 = 120 + 20R
0.060000 0.040000 0.033333
0.073333 0.050000 0.050000
0.073333 0.080000 0.050000
0.033333 0.050000 0.023333
0.056667 0.046667 0.033333

TABLE 5.6

Percentage Rejections at 5% Level of Significance

For Exponential Model with Heterogeneity

L = 150 L =100 L 120 + 20R
0.676667 0.483333 0.670000
0.700000 0.533323 0.703333
0.760000 0.636667 0.793333
0.753333 0.593333 0.783333
0.663333 0.493333 0.676667
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TABLE 5.7

Percentage Rejections at 5% Level of Significance
For Weibull Model with no Heterogeneity

L = 12 L = 10 L = 10 + 2R
0.080000 0.053333 0.046667
0.093333 0.080000 0.070000
0.000000 0.000000 0.000000
0.003333 0.000000 0.003333

TABLE 5.8

Percentage Rejections at 5% Level of Significance
For Weibull Model with Heterogeneity

L =12 = 10 L = 10 + 2R
0.673333 0.503333 0.613333
0.273333 0.163333 0.236667
0.190000 0.060000 0.150000
0.056667 0.016667 0.026667
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Appendix 5a

In order to derive the information matrix when data are
Type-1 censored, the following results regarding generalised
errors, € are needed. These results are based on the fact

that €,under the null, is distributed unit exponentially.

s
I eexp(-€)de = 1 - exp(-s)(1+s). (5A.1)
0
S 2
J ezexp(—e)de = 2 ~ exp(-s8) (s“+2+2s). (5A.2)
0
s
I elexp(-€)de = 6 - exp(-s) (s°+3s°+65+6). (5A.3)
0
s
J e“exp(-e)de = 24 - exp(—s)(s“+4ss+1253+24s+24). (5A.4)
0
s
f €9 log € exp(-¢€)de. (5A.5)
0
s
I €9 (log €)?*exp(-€)de. (5A.6)
0

(5A.5) and (5A.6) are the incomplete digamma and trigamma
functions respectively, of order gq, that have to be

evaluated numerically.

Exponential Model

The information matrix, using the likelihood function
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defined in (5.2.8) with a=1, can be derived as:
-E(8'L/60* 80%) = £{(1/4) E(€* + 4ce® ~ ace’)]. (S5A.7)
Here, using (5.4.1),

E(e*+4ce®-ace’) = E(e“+ae’~4€’|C=1)P(C=1) + E(€‘|Cc=0)P(C=0)
where P(C=0) = P(T>L) = exp(-uL) = 1-P{C=1l) and

E(e*|Cc=0) = (uL)“.
Therefore, (A.7)

L
=1 Z[J (e“+4e€’-a€>)F(t)dt + (uL)“exp(-uL) ]
4

0

s
E[I (6“+4€2—4e3)f(e)de + s‘exp(—s)], where s = uL.

it
& =

0
Using (5A.1) to (5A.4), it is further simplified as:
= 6,y = Z(2 - exp(=s)(s?+2s8+2)] = I,,. (5A.8)
Similarly, the other components of the information matrix
can be found as:

-E(6*L/60 §B')

Z[E(Ce-€?)X] = Z[E(Ce-€?)E(X)]

(6,, 0] = I, (5A.9)
where §,, = Z[(exp(~-s) (1+s) - 1].
—E(6°L/&BEB') = I[e(X'X)] = Z[E(€)E(X'X)] = I,
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8,5 0
= (5A.10)
where §,, = Z[l-exp(-s)].
The expressions, (5A.8) - (5A.10) can be used to compute the

partitioned inverse needed to compute the heterogeneity

test. As I' = [I,, - I,,(I,;) 'I,,]1', it is derived as:

"

I' = (6, - (8,507 /6550 . (5A.11)

Weibull Model

The above results given for the exponential model can be
used for the Weibull model with s=ut®. However, in addition

to these the following has to be derived:

-E(6*L/60*ba) = 1 E[(Ce - €*) (log(e} - XB)]
a
= 1 B(Bexp(-s)(1+s) - B, - s?log(s)exp(-s)
o
s
+ J (e-€?*)log(e)exp(—€) d(e)]. (5A.12)
0

The last expression, from (5A.5), is an incomplete gamma
function that has to be evaluated numerically. Similarly
-E(§*L/6a*) involves evaluating an incomplete trigamma

function.
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CHAPTER 6

SUMMARY AND CONCLUSION

In this thesis, the consequences of multiple
misspecifications, concurrently existing in the data, on
tests for parametric duration models are examined. Most
specification tests found in the econometrics literature
have been constructed in such a way as to ascertain the
validity of only one specification at a time. Such a
procedure 1implies making auxiliary assumptions, in addition
to the assumptions being tested, each time a test is carried
out. It is argued that such separate tests are not
generally robust in the presence of other misspecifications,

and hence can lead to erronecus conclusions.

The problems encountered with the standard separate test can
be illustrated by the following simple example. Consider an
exponential model, with the density function given by: f(t)

= uexp(-ut) where u = exp(XB). The log-linear form, using y

log(t) can be written as: y = -XB + W = X8 + W where W has
an extreme value distribution with variance = 1.6449. If
there is some unobserved heterogeneity in the model,
represented by V, then y = X8 + V + W. A test for
heterogeneity can be constructed that tests for over-
dispersion in the data. The test would detect heterogeneity
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when the sample variance of the error term is significantly

greater than 1.6449.

Now, consider a situation where the underlying model is not
exponential but Weibull with the density function given by:
f(t) = uat“qexp(—uta). Here, the log-linear form is given
by: v = X6/a + W/a, and y = X8/a + W/a + V if there is
unobserved heterogeneity. If the same test of heterogeneity
for an exponential model is computed and there is positive
duration dependence in the sample (a > 1), the effect of the
variance of V will cancel out with the reduced variance of
W/a. The test will pick up no misspecification even though
both duration dependence and neglected heterogeneity exist
in the sample. The actual positive duration dependence will
cancel out with the spurious negative duration dependence
induced by neglected heterogeneity. This heuristic argument
points out the limitations of separate tests when multiple
misspecifications exist concurrently. The analysis can be
extended to situations where the underlying model is more
general than the Weibull model. For example, the problem of
separate tests persists when the underlying model is
generalised gamma, and heterogeneity is tested for in an

exponential or a Weibull model.

As the joint presence of more than one source of

misspecification cannot be a priori ruled out, omnibus test
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statistics that have power against several forms of
misspecification are stressed. In Chapter 3, such tests are
motivated and developed for exponential and Weibull models.
Tests based on parametric alternatives are derived within a
heterogeneous gamma model. Such tests are score tests or
simply tests of moment restrictions of appropriately defined
generalised errors. For example, a score test of no
heterogeneity is equivalent to a test of a second moment
restriction on ¢ where the integrated hazard, €, is the

generalised error in the sense of Cox and Snell.

The above tests, based on a specified parametric
alternative, have a limitation in that they place
restrictions on the alternative and hence may not have good
properties when the specified alternative is also incorrect.
Here, it is suggested that a joint test of all moment
restrictions of € should be used rather than a test of the
second moment only. Such a test has the merit of being
based on an unspecified alternative and thus is not
restrictive in any way. Given any parametric model, the
integrated hazard function has a unit exponential
distribution under the null and hence, if the model is
correctly specified, its moment restrictions must be
satisfied. Tests of higher order moment restrictions of ¢
are derived using the Newey-Tauchen framework.

An empirical application, using Kennan's strike data, is
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provided as illustration for all the above mentioned tests.
It is found that when separate tests are implemented,
results indicate that restrictive exponential and Weibull
models are adequate. However, when joint tests for
misspecification are implemented, both exponential and
Weibull models are found to be inadequate. It is,
therefore, stressed that the first step in model evaluation
should always be to implement a joint test as more than one
source of misspecification may be present in any given
model. Further, it is shown that erroneous conclusions may
be reached, as in a number of previous analyses of Kennan's

strike data, if standard separate tests are implemented.

A known limitation of a joint test is that if the null
hypothesis is rejected, one still needs information from
separate tests to indicate the nature of the required
respecification. In order to have a valid separate test for
any one misspecification, all auxiliary (nuisance)
parameters have to be estimated. The maximum-likelihood
estimation of nuisance parameters can sometimes be
computationally cumbersome. Thus, Neyman's C-alpha type
tests are motivated and developed in Chapter 4. These tests
may be based on any root-N consistent estimates of these
parameters and are asymptotically equivalent to separate
tests that are based on maximum likelihood estimates. An

example of such a test for neglected heterogeneity, that is
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based on the consistent estimates using least squares, 1is
provided. The Monte Carlo results indicate that such a test

performs well.

A problem arises when any root-N estimates of nuisance
parameters are also not available. Here, joint and separate
tests have to be implemented under the joint null
hypothesis. Bera and Jarque (1982) deal with a similar
situation in the context of a classical linear regression
model. They suggest Multiple Comparison Procedures in order
to identify different sources of errors when the joint test
results in the rejection of the null hypothesis. Their
procedure, however, is aided by the additivity of their
separate tests, implying that all tests they derive are
asymptotically independent under the joint null. So, even
when multiple misspecifications exist, each separate test is
somewhat informative in carrying out a search for an

appropriate model.

In the given context, the tests of heterogeneity and
duration dependence are shown to be correlated with each
other within a heterogeneous Weibull model. Each separate
test, therefore, provides no useful information regarding a
particular misspecification. The conditional score tests
suggested in this chapter may be used to attain such

information. Even though the suggested conditional score
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tests are based on the restricted joint null, each score is
purged of any correlation with the other relevant score.
Therefore, the conditional score tests derived this way may
contain more information regarding the specific source of
misspecification than the standard separate tests. These
conditional tests can be used to locate the exact source of
misspecification using the Multiple Comparison Procedure;
see Savin (1980,1984) for a survey of Multiple Comparison
Procedures. The Monte Carlo experiments conducted in this
chapter suggest that conditional separate score tests do in
fact contain more information than the standard separate

tests.

All the tests suggested in Chapters 3 and 4 are based on the
theoretical (expected) information matrix. Such a matrix is
hard to obtain when there are censored observations in the
sample. In principle, one may use the observed information
matrix to implement such tests. Tests based on the observed
information matrix are shown to perform poorly for many of

the simulation experiments conducted in Chapter 5.

Using the test of heterogeneity as an example, alternative
methods are suggested where more information from the null
hypothesis is used to implement tests in the presence of
censored observations. Even though the focus of this

chapter is on tests for neglected heterogeneity, the results
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derived can be used quite generally. These results can be
used to test for other types of misspecifications separately

or jointly with the test of heterogeneity.

When the data are Type-1 censored, tests based on the
theoretical information matrix are developed. This method
is an extension of Lancaster's (1985) tests based on
complete observations. With Type-1 censcred data, the test
is shown to depend on the chosen observation period. Using
the non-null distribution of this test, it is shown that the
power of tests based on the censored observations is reduced
1f the length of the observation period is decreased. The
Monte Carlo results exhibit this reduction in power. For
this type of censoring, tests based cn the observed

information matrix also perform well.

When data are not Type-1 censored and censoring is totally
random and uninformative, the tests based on the observed
information matrix do not perform well. An adjusted score
testing procedure that does not suffer from this limitation
and performs extremely well for all degrees of censoring is
suggested. This test is only based on the complete
observations in the sample even though all observations are

used to estimate the parameters of the model.
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